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ABSTRACT

In this paper, we present a mathematical model aimed at describing both the effusive and relaxing phase of pancakelike lava domes on the Venus
surface. Our model moves from the recent paper by Quick et al. [“New approaches to inferences for steep-sided domes on Venus,” J. Volcanol.
Geotherm. Res. 319, 93–105 (2016)] but generalizes it under several respects. Indeed, we consider a temperature field, playing a fundamental role in
the flow evolution, whose dynamics is governed by the heat equation. In particular, we suggest that the main mechanism that drives cooling is radia-
tion at the dome surface. We obtain a generalized form of the equation describing the dome shape, where the dependence of viscosity on tempera-
ture is taken into account. Still following Quick et al. [“New approaches to inferences for steep-sided domes on Venus,” J. Volcanol. Geothermal
Res. 319, 93–105 (2016)], we distinguish an isothermal relaxing phase preceded by a non-isothermal (cooling) effusive phase, but the fluid mechani-
cal model, developed in an axisymmetric thin-layer approximation, takes into account both shear thinning and thermal effects. In both cases (relax-
ing and effusive phase), we show the existence of self-similar solutions. In particular, this allows to obtain a likely scenario of the volumetric flow
rate which originated this kind of domes. Indeed, the model predicts a time varying discharge, which is maximum at the beginning of the formation
process and decreases until vanishing when the effusive phase is over. The model, in addition to fitting well the dome shape, suggests a possible
forming scenario, which may help the largely debated questions about the emplacement and lava composition of these domes.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0209674

I. INTRODUCTION: GENERAL CONSIDERATIONS
ABOUT TERRESTRIAL AND EXTRA-TERRESTRIAL
LAVA DOMES

The mathematical modeling of volcanic domes is an extremely
challenging subject due to the great variety of morphological shapes
observed at the end of the effusion phase. Indeed, the erupted lava is a
very complex fluid, being its viscosity and density strictly depending
on the chemical composition, water content, and temperature, which
in turn affects the degree of crystallization.2–5 Dome shapes may vary
enormously, although the common origin (eruption from a vent)
leads, usually, to an axisymmetric structure, whose aspect ratio can
range from 0.1 to 0.05 or even less. The most massive shield volcanoes
on Earth are of this type, with heights of order thousands of meters
and diameters of order tens of kilometers.

The leading physical mechanisms that guide dome formation are
gravity and temperature, and most of the mathematical research
devoted to presenting a model for dome evolution is based on the
equations of fluid mechanics in the framework of the lubrication

approximation. A pioneer of this line of investigation applied to dome
growth was Huppert in a series of papers6–8 although other authors
before him dealt with the dynamics of gravity currents.9 Many other
investigators have approached this topic since then.10–16 These contri-
butions consider both isothermal and non-isothermal conditions and
Newtonian as well as non-Newtonian rheology.

Some domes on Venus (known in the literature with the name of
pancake domes) received special attention in Refs. 1, 15, and 17–27
because of certain special characteristics of these volcanic structures.
The aim of the present paper is to make a contribution, namely, in this
latter case.

Before going into details, we remind that volcanic domes are
observable in all planets and satellites of the solar system. While on
Earth most physical parameters are more or less easily accessible, the
situation is totally different for non-terrestrial domes. In the latter case,
the best we can know is the present shape of the dome, and in some of
these cases, even the shape is only partially known with sufficient pre-
cision. Domes on Venus are just like that; indeed, its very dense
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atmosphere precludes direct visual observations and all the data avail-
able come from radar measurements by dedicated spacecraft. In partic-
ular, for any Venusian dome, we have no indication on its age, that is
on the duration of the growing or effusion phase [corresponding to an
outflow at the vent QðtÞ 6¼ 0] and that of the relaxing phase [i.e.,
Q(t)¼ 0], when the cooling process competes with gravity and ambi-
ent pressure to produce the observed shape. The characteristic times of
the two phases are, on the Earth, very different. However, as we shall
see in the sequel, the situation does not seem to be the same on Venus.

The case of Venus should be viewed as a case study. Indeed, as
emphasized in Ref. 28, the formation of lava domes on Earth requires
viscous magma, and, as a result, dome-building volcanoes are primar-
ily found at plate boundaries.29 Although the formative processes are
sometimes unclear.24,27,30 volcanic domes observed on other planetary
bodies suggest a similar evolution, including the existence of plate tec-
tonics.31 In particular, volcanism also suggests the process of volatile
degassing, a phenomenon that has been linked to the development of
the nitrogen-enriched atmosphere required to create a habitable
planet.32 Some authors18,19 suggested, in addition, a possible analogy
between Hawaiian submarine domes and Venus pancake domes.
Indeed, the control of volatile exsolution by pressure on Venus and
Earth seafloor can cause lavas to have similar viscosities and densities,
although the latter will be counteracted by high buoyancy underwater.
In any event, analogous effects of the Venusian and seafloor environ-
ments alone are probably not sufficient to produce similar volcanoes.
Other points, still under debate, concern both which kind of lava,
basaltic17,18 or rhyolitic27,30 allows the observed shapes and whether
the observed morphology is closer to a single continuous emplacement
of magma or to multiple events.

All the indications of geologists and planetary experts mentioned
up until now, appear, by far, neither convincing nor conclusive.
Indeed, it is quite evident that, lacking precise chemical-geophysical
data, the best one could do is to construct a “morphology-oriented”
mathematical model, sufficiently flexible in the key parameters to be
able to justify the observed shapes, which is exactly the aim of the pre-
sent paper.

In the early 1990s, the Magellan spacecraft (also known as the
Venus Radar Mapper) used SAR (Synthetic Aperture Radar) imaging
to produce detailed topography data for most of the planet’s surface. It
turned out that about 90% of Venus’s surface was covered by lava
flows and broad shield volcanoes. On Venus, large shield volcanoes are
an impressive 700 km wide at the base but are only about 5.5 km in
height (aspect ratio about 0.007), thus being several times as wide as
those on Earth but with a much gentler slope (for example, the
Vesuvio aspect ratio is about 0.025). A possible reason for this could be
that lava’s mobility might be enhanced by the planet’s average surface
temperature (� 700K). Indeed, the high temperature contributes to
maintaining more of the volcanic material in its fluid state, preventing
solidification and favoring the length of the relaxing time after the end
of the volume-growing phase.

The Magellan exploration mission also allowed to identify the
previously mentioned special class of volcanoes called pancake domes
since then. They appear to be steep-sided and flat-topped, both fea-
tures of enigmatic origin. Pavri et al.26 reported 145 domes of this type
on the planet, with diameters ranging from 7 to 94km and heights
over 4 km for up to 60 of them. These numbers have been updated by
Stofan et al.17 These domes are thought to form by the extrusion of

viscous lava. However, the composition of these domes is still puzzling.
Indeed, although their smooth surfaces are consistent with basaltic
compositions,17,19,20 their steep sides suggest that they are composed
of viscous lava, consistent with high-silica, rhyolitic composi-
tions.26,27,33 In any event, the concentric and radial fracture pattern
shown by many domes is consistent with the stretching of dome surfa-
ces during their formation as lava wells up from interior vents and
spreads laterally on the surface.17,33

The first data provided by the Magellan mission were SAR data
(see Fig. 1). Only some years later, Gleason et al.25 applied stereo
radargrammetric techniques to Magellan SAR data (�100 m resolu-
tion) to generate DEMs (Digital Elevation Models), �1 km horizontal
resolution, for 23 steep-sided domes. The heights of the domes range
from 390 to 1590m, aspect ratios (height/diameter) range from 0.01 to
0.07, and volumes range from 73 to 1790 km3. Figure 2 shows one of
these pancakelike domes in the Rusalka Planitia on Venus. Figure 3
reproduces the SAR altimetry profiles obtained through two different

FIG. 2. Left panel: Magellan SAR image of a volcanic “pancakelike” dome, located
3o S, 151o E on Venus. Right panel: DEM model. This dome is �30� 35 km in
diameter and about 1370� 1560m tall. The two transects refer to the N-S and
SW-NE section from which the two profiles shown in Fig. 4 are derived.25

Reproduced with permission from Gleason et al., “Analysis of Venusian steep-sided
domes utilizing stereo-derived topography,” J. Geophys. Res.: Planets 115, E06004
(2010). Copyright 2010 John Wiley and Sons, License No. 5770120388193.

FIG. 1. High-resolution Magellan SAR image of a group of three “pancakelike”
domes in Carmenta Farra Planitia on Venus (NASA, public domain).
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orbits of the Magellan mission for the dome shown in Fig. 2,27 while
Fig. 4 shows two different DEM profiles of the same dome.

The aim of the present paper is to generalize the model proposed
by Quick et al.,1 but allowing a more consistent way to take into
account the influence of temperature on the dome evolution. First, lava
is a strongly non-Newtonian fluid with highly temperature dependent
material properties.2–5,35 The fluid rheology is complicated yet further
by the phase change of solidification. For lava, the dome is unlikely to
be vertically isothermal because the diffusivity is small. Instead, the
cooling of the surface creates a thermal boundary layer that slowly
migrates into the fluid interior. However, in the special limit of the thin
layer approximation (the domes we consider have a low aspect ratio),
the evolution is rather slow, and thermal diffusion acts sufficiently
quickly to make the fluid isothermal in vertical cross sections. For this
reason, we consider an idealized problem: the emplacement of a cooling
non-Newtonian fluid on a plane, modeling its “solidification” as
the increasing of viscosity as temperature decreases. We do this both
in the interest of simplicity, and because we would first like to under-
stand the dynamics of purely fluid Venusian domes. We allow a more
general rheological model with respect to that considered by Quick
et al.1 Indeed, we follow the approach by Rajagopal et al.,36 adopting a
shear-thinning power-law rheology within the lubrication approxima-
tion framework. Nevertheless, our approach differs from that Rajagopal
et al.,36 since they assume viscosity to be pressure-dependent, while, in
the present context, a temperature dependence is more appropriate.
We point out that having considered a non-Newtonian constitutive
model represents a step forward with respect to the theory illustrated in
Ref. 1. Indeed, the non-Newtonian rheology, introducing a further
parameter besides viscosity, allows to fit different profiles of the same
dome (e.g., SW-NE and N-S) with the same set of parameters. On the

contrary, this result is not always possible if a purely Newtonian model
is considered (as it will be emphasized in Fig. 6).

As in Ref. 1, we look for similarity solutions of the nonlinear par-
tial differential equation for the dome shape, in both isothermal and
non-isothermal conditions. In addition to allowing a more general rhe-
ology, the main difference with respect to Ref. 1 is that we couple the
momentum equations with the heat equation (although in a simplified
form). More precisely, we assign the dependence of viscosity on tem-
perature via an Arrhenius-type law, but, unlike in Ref. 1, the change of
temperature with time is governed by the heat equation. Indeed,
through a careful analysis of the timescales involved in the temperature
evolution equation, we suggest that the main mechanism that drives
cooling is radiation at the dome surface. From the point of view of
including the thermal effects during the dome evolution, we mention
the work by Balmforth and Craster.11 However, their paper does not
consider the possibility of the existence of similarity solutions for the
differential equation which governs the evolution of the dome surface.
Furthermore, their analysis is more addressed to compare the dome
evolution as predicted by their model to laboratory experiments with
experimental slurry domes, cooled by conduction and convection in
overlying water. Our goal is rather different: just as Quick et al.,1 the
only comparison that can be made is with the present shape of the
dome as it appears from radar images. Moreover, as in Ref. 1, we are
more interested in linking the observed shape to the main phases (effu-
sive and relaxing) of the dome evolution, trying to give some estimates
of the timescales involved. Furthermore, our model suggests a possible
flow rate at the vent, which, differently from Ref. 1, decreases mono-
tonically with time. Indeed, by using the mass conservation law, we
identify a specific decaying law for Q(t), characterized by its vanishing
at the end of the effusion phase.

FIG. 3. Altimetry profile from Magellan
SAR data of the dome in Fig. 2 corre-
sponding two different orbits. The plot-
markers indicate altimetry data from orbit
Nos. 1277 and 3067.27 These data have
an accuracy of 100–150m as described in
Ref. 34.

FIG. 4. Digital elevation profiles along the N-
S and SW-NE transection of the dome
shown in Fig. 2.25 Reproduced with permis-
sion from Gleason et al., “Analysis of
Venusian steep-sided domes utilizing stereo-
derived topography,” J. Geophys. Res.:
Planets 115, E06004 (2010). Copyright 2010
John Wiley and Sons, License No.
5770120388193.
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The plan of the paper is as follows: in Sec. II, we present the gen-
eral rheological model of a power-law fluid flowing on a plane in
Cartesian coordinates. Then, we introduce some scale factors and
rewrite the main equations in dimensionless form. Following the pro-
cedure illustrated in Ref. 36 we obtain a generalized form of the non-
linear partial differential equation for the evolution of the dome
surface boundary [see Eq. (19)], where the dependence of viscosity on
temperature is taken into account. In Sec. III, we discuss the relaxing
phase in the framework of lubrication theory and in the axisymmetric
geometry. First, we assume that relaxing goes isothermally. This leads
to a simpler form of the equation describing the evolution of the
dome top surface h(r, t), which coherently reduces to its classical
form in the case of a Newtonian rheology.6 Subsequently, we adhere
to the same guidelines as Quick et al.1 to distinguish the forming
phase from the relaxing one. This involves to set the initial instant of
the relaxing phase to be a new parameter s, which can be identified
by comparing the present dome shape with the one obtained through
simulations. Our solution is fully explicit and provides h(r, t), the ter-
minal front R(t) of the dome and the relation between the dimension-
less volume of the dome with respect to all the relevant parameters.
We remark that, in the case of a Newtonian rheology, our analysis
reproduces exactly the same solutions obtained in Ref. 1. Section IV is
devoted to comparing the evolution of the dome as provided by the
model, with the radar profile of the dome shown in Fig. 2. The aim is
to identify the main dimensionless parameters of the model, as the
duration of both the effusive and relaxation phases. We rescale the
parameters to their dimensional values by using the literature data,
and we find a satisfactory agreement with the values reported in Refs.
25 and 27. One important result is that the procedure provides an
estimate of the duration of the effusive phase with respect to the
relaxing phase. To get more insights on these time intervals, a further
discussion on the choice of the right timescale is needed. This topic is
illustrated in Sec. V. In particular, we estimate the values of the
Reynolds and Froude numbers to check that all simplifying assump-
tions made to develop our model are effectively largely satisfied.
Section VI is devoted to couple the flow with the thermal field. By a
careful identification of the characteristic times involved by diffusion,
convection, and radiation, we obtain a simplified version of the heat
equation, which should capture the most important effects of the
thermal field during the effusive phase. In Sec. VII, we consider the
case of spatially uniform temperature hðtÞ. In this case, although
explicit solutions for h(r, t) are no longer available, we have been able
to identify a similarity solution. Indeed, the equation for h(r, t) can be
transformed into a suitable equation for hðr;uÞ where u ¼ uðhÞ is
an auxiliary function. This latter has to solve a particular differential
equation, while h ¼ hðtÞ is obtained from the heat equation when
radiation is the only cooling mechanism. In Sec. VIII, we solve the
equations for the coupled problem, integrating the evolution equation
backward in time, using as initial data those obtained from the analy-
sis of the purely relaxing phase. Section IX is devoted to some
conclusions.

II. FORMULATION OF THE GENERAL MODEL

Let us consider an incompressible continuum flowing on a hori-
zontal plane where O; x; y; z is the Cartesian frame of reference, and z
is the coordinate orthogonal to the plane. The velocity field is

v ¼ uðx; y; z; tÞex þ vðx; y; z; tÞey þ wðx; y; z; tÞez;

and the domain occupied by the flowing fluid is given by

X ¼ fðx; y; zÞ 2 R3j x; tð Þ 2 Dt ; 0 � z � hðx; y; tÞg; (1)

where Dt � R2 is portion (evolving in time) of the (x, y) plane “wet”
by the material and z ¼ hðx; y; tÞ is the top surface. In particular,
hðx; y; tÞjðx;yÞ2@Dt

¼ 0.
The continuity equation and the momentum equation are

r � v ¼ 0;

q
Dv
Dt

¼ �qgez �rpþr � S;

8>><
>>: (2)

where D
Dt denotes the material derivative, q is the fluid density, g is the

gravity acceleration, p denotes the pressure, and S represents the
deviatoric part of the Cauchy stress tensor, whose constitutive equation
is

S ¼ S h; jjDjjð ÞD; (3)

where Sðh; jjDjjÞ is the apparent viscosity of the fluid, h its absolute
temperature and D ¼ ½rv1rvT�=2 the strain rate tensor. In partic-
ular, we assume

S h; jjDjjð Þ ¼ 2lcg h� hambð ÞkDkð1�kÞ=k; (4)

with hamb external temperature, gðh� hambÞ > 0 a sufficiently regu-
lar, dimensionless and monotone decreasing function of h, lc a phys-
ical parameter with dimension Pa � s1=k, and where k is a strictly
positive constant. The constitutive model (4) allows for these behav-
iors: shear-thinning if k > 1, shear-thickening if 0 < k < 1,
Newtonian if k¼ 1.

Since the outflow at the vent vanishes (we are indeed modeling the
relaxing phase), we consider these boundary conditions for v and S:

v ¼ 0 at z ¼ 0;

Sn ¼ 0 at z ¼ h x; y; tð Þ;

(
(5)

where n is the outer normal to the top surface.
Concerning the top surface, we follow Ref. 36 recalling at first

that z ¼ hðx; y; tÞ is a material surface, so that

wjz¼h ¼
@h
@t

þ ujz¼h
@h
@x

þ vjz¼h
@h
@y

: (6)

We then integrate (2)1 over the domain depth and exploit (5) and (6)
so as to get

@h
@t

þ @ h�uð Þ
@x

þ @ h�vð Þ
@y

¼ 0; (7)

where h�u ¼ Ð h0 udz; h�v ¼ Ð h0 vdz.
We introduce the following dimensionless quantities:

u� ¼ u
Uref

; v� ¼ v
Uref

; w� ¼ w
eUref

;

t� ¼ t
tref

; x� ¼ x
Lref

; y� ¼ y
Lref

; z� ¼ z
Href

; h� ¼ h
Href

;

h� ¼ h� hamb

href � hamb
; p� ¼ p� p0

qgHref
; D� ¼ L

U
D;

(8)
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where Uref is the characteristic planar velocity,

e ¼ Href

Lref
	 1;

is the domain aspect ratio (Href and Lref are the characteristic thickness
and length of the domain X), tref is the characteristic timescale (which
will be investigated in Sec. V), p0 and hamb are the external pressure
and temperature, respectively, and href is a reference temperature.
Therefore, after some algebra, system (2) reduces to (in the sequel, we
omit the “�” to keep notations as light as possible)

@u
@x

þ @v
@y

þ @w
@z

¼ 0;

eRe
ttr
tref

@u
@t

þ u
@u
@x

þ v
@u
@y

þ w
@u
@z

� �

¼ �e
Re

Fr2
@p
@x

þ e
@Sxx
@x

þ e
@Sxy
@y

þ @Sxz
@z

;

eRe
ttr
tref

@v
@t

þ u
@v
@x

þ v
@v
@y

þ w
@v
@z

� �

¼ �e
Re

Fr2
@p
@y

þ e
@Syx
@x

þ e
@Syy
@y

þ @Syz
@z

;

e2Re
ttr
tref

@w
@t

þ u
@w
@x

þ v
@w
@y

þ w
@w
@z

� �

¼ �Re

Fr2
@p
@z

þ 1

� �
þ e

@Szx
@x

þ e
@Szy
@y

þ @Szz
@z

;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

(9)

where

ttr ¼ Lref
Uref

is the so-called transit time and

Re ¼ qH1=k
ref U

ð2k�1Þ=k
ref

lc
; Fr2 ¼ U2

ref

gLref
(10)

are the Reynolds and Froude number, respectively.
Then, according to Ref. 36, we stipulate that:

• The pressure gradient essentially balances the viscous stresses, so
that

Uref ¼ qgHð2kþ1Þ=k
ref

lcLref

 !k

; (11)

yielding

1 ¼ e
Re

Fr2
: (12)

• The inertia terms can be neglected,

eRe 	 1; eRe
ttr
tref

	 1: (13)

Thus, by omitting the OðenÞ, n 
 1, terms and by using (3), (4), and
(8), system (9) reduces to

@u
@x

þ @v
@y

þ @w
@z

¼ 0;

@

@z
gðhÞ @u

@z

� �2

þ @v
@z

� �2
 !ð1�kÞ=2k

@u
@z

2
4

3
5 ¼ 2ð1�kÞ=2k @p

@x
;

@

@z
gðhÞ @u

@z

� �2

þ @v
@z

� �2
 !ð1�kÞ=2k

@v
@z

2
4

3
5 ¼ 2ð1�kÞ=2k @p

@y
;

@p
@z

þ 1 ¼ 0:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

(14)

Now, we write, in dimensionless form, the kinematic condition
(7) for the top surface,

ttr
tref

@h
@t

þ @ h�uð Þ
@x

þ @ h�vð Þ
@y

¼ 0; (15)

and the boundary conditions (5) where all OðeÞ terms have been
neglected,

ujh ¼ vjh ¼ wjh ¼ 0;

pjh ¼ 0;

@u
@z

���
h
¼ @v

@z

���
h
¼ 0;

8>>><
>>>: (16)

meaning that the external pressure has been rescaled to zero and no
tangential stress acts on the top surface.

Generalizing the procedure illustrated in Ref. 36, we obtain the
solution of the boundary-value problems (14) and (16),

u ¼ �2ð1�kÞ=2 @h
@x

krx;yhkk�1
ðz
0

h� s
g h� hambð Þ

� �k

ds;

v ¼ �2ð1�kÞ=2 @h
@y

krx;yhkk�1
ðz
0

h� s
g h� hambð Þ

� �k

ds;

w ¼ 2ð1�kÞ=2rx;y � krx;yhkk�1rx;yh
h

�
ðz
0

ðs
0

h� r
g h� hambð Þ
� �k

dr

 !
ds

#
;

p ¼ h� z;

8>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>:

(17)

whererx;y ¼ @
@x ex þ @

@y ey is the gradient in the x, y plane.
Introducing the functional dependence on h and h,

F h; hð Þ ¼
ðh
0

ðz
0

h� s
g h� hambð Þ

� �k

dsdz

¼
ðh
0
h� sð Þ h� s

g h� hambð Þ
� �k

ds; (18)

we have

h�u ¼
ðh
0
udz ¼ �2ð1�kÞ=2 @h

@x
krx;yhkk�1

F h; hð Þ;

h�v ¼
ðh
0
vdz ¼ �2ð1�kÞ=2 @h

@y
krx;yhkk�1

F h; hð Þ;
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and so Eq. (15) acquires this form:

ttr
2ð1�kÞ=2tref

@h
@t

¼ rxy � F h; hð Þkrx;yhkk�1rx;yh
h i

: (19)

To close the problem, we have to write also an evolution equation for
the temperature field h. The model obviously becomes quite compli-
cated due to the coupling between the equation for h and the one for
temperature. In the sequel, we first consider some approximations
regarding both geometry and temperature.

III. MODELING THE RELAXING PHASE: ISOTHERMAL
AND RADIAL APPROXIMATION

We assume that:

• The phenomenon is essentially isothermal, and we take g¼ 1.
• ttr

tref
¼ Oð1Þ. Actually, for the sake of simplicity, we take ttr

tref
¼ 1.

The validity of this hypothesis will be verified in Sec. V.
• Cylindrical symmetry applies, which, considering cylindrical
coordinates r;u; z, is equivalent to require: h ¼ hðr; tÞ;
v ¼ vrðr; z; tÞer þ wðr; z; tÞez , and

X ¼ fðr; z;uÞ 2 R3j 0 � r � RðtÞ; 0 � z � hðr; tÞ; 0 � u < 2pg;

where r ¼ RðtÞ is the advancing front, namely hðRðtÞ; tÞ ¼ 0.
If g¼ 1, F given by (18) becomes

F hð Þ ¼ hkþ2

kþ 2
;

and (19) acquires this form in cylindrical coordinates:

kþ 2

2ð1�kÞ=2
@h
@t

� 1
r
@

@r
rhkþ2

���� @h@r
����k�1

@h
@r

" #
¼ 0: (20)

We remark that, if k¼ 1 (i.e., Newtonian fluid), Eq. (20) reduces to the
classical model,1,6 in cylindrical coordinates.

Now, following a procedure similar to the one illustrated in
Ref. 1, we look for a self-similar solution to (20) taking

h r; tð Þ ¼ bt�aP nð Þ with n ¼ cr2t�a; (21)

with a, b, and c suitable constant. In particular, hðRðtÞ; tÞ ¼ 0 implies
njRðtÞ ¼ cðRðtÞÞ2t�a ¼ const:, which provides the temporal behavior
of RðtÞ, i.e.,

R tð Þ ¼ ðconstantÞ � ta=2: (22)

After plugging (21) into (20), lengthy but straightforward algebraic
manipulations allow us to recast (20) in the following form (here, P0

represents the ordinary derivative of P with respect to n):

d
dn

kþ 2

2ð1þkÞ=2 3þ 5kð ÞnPþb2kþ1cð1þkÞ=2nð1þkÞ=2Pkþ2jP0jk�1P0
� �

¼ 0;

(23)

provided

a ¼ 2
3þ 5k

: (24)

Integrating (23), we obtain

kþ 2

2ð1þkÞ=2 3þ 5kð Þ nP þ b2kþ1cð1þkÞ=2nð1þkÞ=2Pkþ2jP0jk�1P0 ¼ 0; (25)

since the integration constant vanishes once the solution is evaluated
at n ¼ 0. We now require that h is monotonically decreasing with
respect to r, i.e., P0 < 0. We thus rewrite (25) as

� 2kþ 1
k

S1=knð1�kÞ=ð2kÞ ¼ Pð2kþ1Þ=kð Þ0 (26)

with

S c; b; kð Þ ¼ 2�ð1þkÞ=2 kþ 2ð Þ
3þ 5kð Þb2kþ1cð1þkÞ=2 :

Integrating again (26),

P nð Þ ¼ C � 2 2kþ 1ð Þ
1þ k

S1=knð1þkÞ=ð2kÞ
� �k=ð2kþ1Þ

with C constant, which gives

h r;t;kð Þ¼bt�2=ð3þ5kÞ

� C�2 2kþ1ð Þ
1þk

S1=kcð1þkÞ=ð2kÞ r
t1=ð3þ5kÞ

� �ð1þkÞ=k
" #k=ð2kþ1Þ

:

(27)

It is worth highlighting that the latter reduces, when k¼ 1, to formula
(A13) of Ref. 1 provided we assume �0=g ¼ 1 in (A13) itself. We then
impose hðRðtÞ; t; kÞ ¼ 0 and obtain (22) with a given by (24), i.e.,

R t; kð Þ ¼ C 1þ kð Þ
2 2kþ 1ð ÞS1=kcð1þkÞ=ð2kÞ t

1=ð3þ5kÞ (28)

and

h r; t; kð Þ ¼ H kð Þt�1=ð2kþ1ÞR t; kð Þð1þkÞ=ð2kþ1Þ

� 1� r
R t; kð Þ

� �ð1þkÞ=k
" #k=ð2kþ1Þ

(29)

with

H kð Þ ¼ 2ðk�1Þ= 4kþ2ð Þ 2kþ 1
1þ k

kþ 2
3þ 5k

� �1=k
" #k=ð2kþ1Þ

: (30)

We point out that Rðt; kÞ is defined up to the constant C and so
is h. For a physical interpretation of this constant, we proceed recalling
that (29) provides the height of the dome for each t 
 0. However, we
are considering the relaxing phase, that is, the phase in which the lava
flow from the vent is over (and the dome volume remains unchanged).
Therefore, if the growing or effusion phase ended at the (dimension-
less) time s, model (29) applies for t > s. So, following Ref. 1, we set
t ¼ ðt � sÞ þ s ¼ ~t þ s, with~t 
 0, and obtain

h r;~t ; s; k
	 


¼ H kð Þð~t þ sÞ�1=ð2kþ1ÞR ~t þ s; k
	 
ð1þkÞ=ð2kþ1Þ

� 1� r

R ~t þ s; k
	 
� �ð1þkÞ=k

" #k=ð2kþ1Þ
: (31)
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It is worth noticing that h does not depend on proportionality constant
b introduced through the similarity solution (21). In particular, if we
introduce

HðkÞ ¼
ð1
0

1� nð1þkÞ=k	 
k=ð2kþ1Þ
n dn;

which reduces to 3/8 when k¼ 1, the volume V of the dome at time ~t
is

Vð~t ; s; kÞ ¼ 2p
ðRð~tþs;kÞ

0
h r;~t ; s; k
	 


rdr

¼ 2pHðkÞHðkÞ Rð~t þ s; kÞð3þ5kÞ

~t þ s

" #1=ð2kþ1Þ

: (32)

On the other hand, the aim of the model is to justify someway the esti-
mated profiles of the dome after the effusion phase has ended and the
volume has reached its maximum value. In other words, in the present
context, the initial time corresponds to a given instant s > 0, which is
related to the position of the front Ro and the volume Vo at the end of
the effusion phase through the following relation:

Vo ¼ 2pHðkÞHðkÞ R3þ5k
o

s

� �1=ð2kþ1Þ
; (33)

which provides s once Ro, k, and Vo are prescribed, namely,

s ¼ 2pHðkÞHðkÞ
Vo

� �2kþ1

R3þ5k
o : (34)

Function H is not explicit in terms of k, unless k¼ 1. However, in the
interval (0,1] it turns out HðkÞ ¼ 3=8þ 0:68ð1� kÞ þ 0:04ð1� kÞ2
þO½ð1� kÞ3�. For k¼ 1, (33) implies s ¼ ð 34Þ5ð p

Vo
Þ3R8

o, exactly the
same as formula (A29) in Ref. 1. Furthermore, since Vð~t ; s; kÞ ¼ Vo

for~t 
 0, formula (32) gives the advancing front, namely,

Rð~t þ s; kÞ ¼ Vo

2pHðkÞHðkÞ
� �ð1þ2kÞ=ð3þ5kÞ

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Ros�1=ð3þ5kÞ

ð~t þ sÞ1=ð3þ5kÞ

¼ Ro 1þ ~t
s

� �1=ð3þ5kÞ
; ~t 
 0; (35)

which reduces to formula (A26) in Ref. 1 when k¼ 1. We finally
remark that (35) allows linking the constant C, appearing in (28), the
dome volume at the end of the growth phase, i.e., Vo; or, exploiting
(33), to Ro and s (Table I).

Finally, as shown in Fig. 5, because of (33), s increases with
increasing Ro and Vo, independently of k.

IV. SOME SIMULATIONS USING BOTH SAR AND DEM
ALTIMETRY DATA

In this section, we use data reported in Refs. 25 and 27. Figure 3
shows that the diameter of the dome is �30 km, the height being
�1:5 km so that the aspect ratio e � 0:05. We make dimensionless the
original geometrical data using as Lref and Href the dome maximum
radius and height (whose ranges have been just mentioned), respec-
tively. The specific values of Lref and Href depend on the profile
considered. Those used in our simulations are listed in Table II. We
define~t end as the emplacement time, i.e., the duration of the relaxation
phase.

As a first step, we express hðr;~t endÞ, given by (31), in terms of the
dimensionless parameters Vo, Ro, k, and ~t end exploiting Eqs. (34) and
(35). Next, we vary the dimensionless parameters Vo, Ro, k, and ~t end in
order to fit the following profiles: orbit No. 1277, orbit No. 3067, con-
sidered in Ref. 27 and the N-S, SW-NE profiles considered in Ref. 25.
To further clarify the procedure we followed, some remarks are
appropriate:

(i) The fitting parameters Vo, Ro, k and ~t end are selected within
appropriate ranges so that the dimensional values are compati-
ble with the orders of magnitude of the experimentally
observed scales.

(ii) Once Vo, Ro, k, and ~t end have been selected, the dimensionless
parameter s is computed through the formula (34). Its value
provides an estimate of the duration of the effusive phase with
variable volume with respect to the relaxation phase at constant
volume.

(iii) Finally, ~t end gives an estimate of the duration (dimensionless)
of the relaxation phase at constant volume.

(iv) Dimensional values for both the effusive and relaxation dura-
tions can be estimated once a correct timescale tref has been
identified. This issue will be discussed in Sec. V.

In Table II, we list the corresponding dimensional volumes for
each profile analyzed. In this connection, we remark that McKenzie
et al. use ð3p=4ÞHrefL2ref � 2:36HrefL2ref as a scale factor for the vol-
ume, that is by assuming a dome dimensionless profile proportional to
ð1� rÞ1=2 [see Eq. (1) in Ref. 27]. Figures 6 and 7 show the best fitting
of the dome profiles based on both the DEM and SAR data, respec-
tively. In particular, in Fig. 6 we also report the best fitting profiles (in
red), if we take a Newtonian rheological model (k¼ 1). We notice that,
in the latter case we obtain a significant change in the value of s, diffi-
cult to be explained physically (the dome is the same). On the contrary,
considering a non-Newtonian model, k provides an extra degree of
freedom to fit the dome profile, with practically identical values of Vo,
~t end, Ro, and s [calculated through (33)].

Figure 8 shows the temporal evolution of the profile of the dome
starting from s, i.e., from~t ¼ 0. As can be seen in Table II, the (dimen-
sionless) duration of the relaxing phase is ~t end ’ 0:4, and in this inter-
val, the (dimensional) radius of the dome has grown from
approximately 0:67 Lref to Lref .

V. DEALINGWITH THE TIME SCALE

So far, we have not addressed the estimation of the timescale tref ,
just assuming that, in the isotherm approximation, tref=ttr ¼ Oð1Þ.

TABLE I. Summary of the best fitting values of Vo, ~t end, k, and Ro. The value of s is
computed through Eq. (34). We notice that values remain practically unchanged for
the four different profiles considered in the present paper.

Dome profile Vo ~t end k Ro T

DEM (SW-NE) 2.1 0.43 0.8 0.66 0.04
DEM (N-S) 2.0 0.45 0.8 0.65 0.04
SAR (orbit No. 1277) 2.2 0.45 0.8 0.67 0.04
SAR (orbit No. 3067) 2.3 0.43 0.8 0.67 0.036
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Which could be a reasonable timescale to evaluate the dimensional val-
ues of~t end and s? This problem is strictly related to the cooling process
and its influence on the viscosity, which in turn depends on the real
chemical composition of the magma. As pointed out by Huppert,6 the
observed shape of the dome can be used for an estimate of the appar-
ent viscosity of the magma. According to McKenzie et al.,27

tref � H2
ref

p2j
; (36)

where j ¼ Oð10�6 � 10�7Þm2s�1 is the thermal diffusivity.
Remark 1. The diffusion coefficient j is slightly decreasing in the

range 50–1000 �C. For basaltic lava,37 j remains in the range

FIG. 5. Contour lines of sðRo; Vo; kÞ obtained from (33) for k ¼ 0:6� 0:9.

TABLE II. Dimensional volume Vmodel ¼ VoHrefL2ref of the dome in Fig. 2 according to four different profiles, two based on DEM data, and two on SAR data, respectively. The val-
ues provided by the mathematical model are compared with Vestim: as reported in the literature. Our result appears to agree very well with those suggested by Gleason et al.

25

On the contrary, for the case of SAR data, the values proposed by McKenzie et al.27 agree neither with ours nor with Gleason’s et al. ones. It should be noticed, however, that
due to the automated methodology used to process the Magellan altimetry data, there are significant differences between the altimetry derived measurements of Pavri et al.26,27

and the stereo-derived DEMs by Gleason et al. In the last column, we reported the volume estimated by McKenzie et al. for orbit Nos. 1277 and 3067.

Dome profile Href ðkmÞ Lref ðkmÞ Vmodel ðkm3Þ Vestim: ðkm3Þ Reference

DEM (SW-NE) 1.48 15.9 748 795 25
DEM (N-S) 1.43 15.4 712 706 25
SAR (orbit No. 1277) 1.45 14.9 691 1040 27
SAR (orbit No. 3067) 1.41 13.9 618 820 27
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FIG. 6. Best fitting of the dome profiles based on the DEM data (N-E on the left, SW-NE on the right). The estimated values of Vo;~t end;Ro obtained in the non-Newtonian case
(k ¼ 0:8) are practically identical [s is calculated through (33)]. On the contrary, neglecting shear thinning (k¼ 1), the values of s that realize the best fitting are significantly
different.

FIG. 7. Best fitting of the dome profiles based on the SAR data (orbit No. 1277 on the left, orbit No. 3067 on the right). The estimated values of Vo;~t end; k;Ro are very similar
[s is calculated through (33)].
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7–4 � 10�6 m2s�1, while for rhyolitic melts38 j remains in the range
6–4 � 10�7 m2s�1. We notice that the uncertainty of one order of
magnitude for j implies that tref can range, in the present case, from
hundreds to thousands of years.

Therefore, the dimensional duration of the relaxing phase is
tref~t end and the instant at which the volume of the dome has reached
its final (i.e., current) value Vo (the effusion phase is over) is trefs. It
should be said, however, that the scale (36) refers to magma cooling,
which is an extremely complex phenomenon39,40 and to identify a cor-
rect timescale would require much more knowledge about the dome
chemical composition rather than just its shape. Nevertheless, we can
use the above value of tref and the dimensionless values provided by
the mathematical model and listed in Table II to obtain an estimate of
lc. Indeed, writing (33) in a dimensional form and using the selected
scales in Table II, we obtain

HrefL
2
refVo ¼ 2p

lc
qg

� �k=ð2kþ1Þ
HðkÞHðkÞ LrefRoð Þ3þ5k

stref

" #1=ð2kþ1Þ

;

(37)

from which we compute lc. We recall1 that, on Venus, g ¼ 8:87ms�2

and that q ¼ 2535 kgm�3 is the density difference between the flowing
material (lava has a density of 2600 kgm�3) and the ambient fluid den-
sity (Venus atmosphere has a density of 65 kgm�3).

Our simulations indicate that the fitting of all profiles available
occur, on average, for k ’ 0:8; Vo ’ 2:2; ~t end ’ 0:44; Ro ’ 0:66. We
first notice that, being the transit timescale estimated by

ttr ¼ tref~t end;

simulations indicate that the assumption ttr=tref ¼ Oð1Þ is essentially
correct. In all simulations, the corresponding value of s provided by
(33) is

s 
 0:04:

Letting now, on average, Lref ¼ 1:5� 104 m; Href ¼ 1:45� 103 m,
we first notice that during the relaxation phase at constant volume, the
dome front advances 4:9� 103 m. If we assume, on average (see
Remark 1), j ’ 5� 10�6 m2s�1, then tref ’ 4:26� 1010 s (that is
1350 yr), and, as a consequence, the emplacement time is a little less
than a half of that, i.e., about 608 yr. In particular, the total duration of

the process is ~t end þ s ’ 0:54. In Table III, we have summarized the
values obtained.

By definition, the velocity of the front during the relaxation phase
is

Uref ¼ ð1� RoÞLref
tref~t end

;

that is 2:58� 10�7 ms�1 (that is 8.1m/yr). Recalling the definition
(11) of the scale Uref , we can solve for lc to get

lc ’ 5:4� 1018 ðPa s5=4Þ: (38)

One can easily verify that (37) and (38) provide estimates of the same
order of magnitude. Indeed, from (37) we get lc ’ 3:63
�1018 ðPa s5=4Þ. Although quite rough, such an approach is useful as a
guide to the likely order of magnitude of the (apparent) viscosity lc at
the end of the relaxation phase, that is the present viscosity of the mate-
rial. To get reliable estimates of the behavior of viscosity with time
from the onset of the effusive phase requires many more informa-
tion.5,41,42 For example, we should know more about the chemical
composition of magma, the initial water content and how the crystalli-
zation percentage change as temperature decreases during the cooling
process. This kind of information is generally stated by adopting a
dependency of viscosity on temperature of exponential type (such as
the Arrhenius law).

We now use (38) to verify that conditions (12) and (13) are
largely satisfied (see Table IV).

In Sec. VI, we investigate the effusion phase, relaxing the isother-
mal assumption. Indeed, we couple the dynamics of h with the cooling
process in order to get some insights on the role of temperature on the
dome formation process.

VI. MODELING OF THE EFFUSION PHASE: COUPLING
THE FLOW WITH THE THERMAL FIELD

We now include in the model the energy balance equation which,
still assuming the radial approximation, is written as

qcp
@h
@t

þ �vr
@h
@r

� �
¼ K

1
r
@

@r
r
@h
@r

� �
� Er

h4 � h4amb

h
; (39)

FIG. 8. Dome relaxation at constant volume starts at ~t ¼ 0. The mathematical
model predicts that the dome attained the present shape at~t ¼ ~t end ’ 0:44.

TABLE III. Summary of the dimensionless/dimensional timescales involved in the
dome evolution.

Duration dimensionless dimensional (tref ’ 1350 yr)

Effusion s ’ 0:04 ’ 54 (yr)
Relaxing ~t end ’ 0:45 ’ 608 (yr)
Dome age sþ~t end ’ 0:49 ’ 662 (yr)

TABLE IV. Estimated values of Uref , Re, Fr, and eRe=Fr2 during the relaxation
phase, based on simulations and (38).

Uref ðms�1Þ Re Fr2
e ¼ Href=
2Lref

eRe=
Fr2

’ 2:3� 10�7 ’ 3:97� 10�17 ’ 4:26� 10�19 ’ 0:05 ’ 4:82
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where cp is the specific heat capacity at constant pressure, E is the emis-
sivity, r ¼ 5:67� 10�8 Wm�2K�4 the Stefan–Boltzmann constant, K
the thermal conductivity, hamb the external ambient temperature
(Venus average ambient temperature on the dome surface), and

�vr r; tð Þ ¼ 1
h r; tð Þ

ðh r;tð Þ

0
vrðr; z; tÞdz (40)

is the mean radial velocity. To justify the division by h in the radiation
term at the rhs of (39), we recall this term must represent the heat loss
per unit volume, while Erðh4 � h4ambÞ gives, by definition, the heat
loss per unit area. Introducing the dimensionless temperatures

h� ¼ h
href

; h�amb ¼
hamb

href
;

where href is the temperature of the lava at the effusive vent, and using
(8), Eq. (39) can be rewritten in dimensionless form (remind that we
have omitted the “�” to keep notation as light as possible) as

1
tref

@h
@t

þ 1
ttr
�vr

@h
@r

¼ 1
tdiff

1
r
@

@r
r
@h
@r

� �
� 1
trad

h4 � h4amb

h
; (41)

where

tdiff ¼
L2refqcp

K
; (42)

trad ¼ qcpHref

Erh3amb

(43)

are the time scales featuring the diffusive and radiation processes,
respectively. The dimensional values of href and hamb are reported in
Table V which completes the list of physical parameters relevant to the
cooling dynamics. In particular, referring to Table V, hamb ’ 0:54, so
that h4amb ¼ OðeÞ:

We now focus on the effusion phase, whose duration, stref , has
been estimated in Sec. V. In particular, stref 
 10�2tref 
 108s, with
tref given by (36). Since the characteristic velocity Uref during the
dome formation can be estimated as RoLref=stref , the corresponding
transit time is ttr ¼ stref . We thus select stref as new timescale and
notice that stref

trad
¼ Oð1Þ, while stref

tdiff
¼ OðeÞ. Hence, neglecting OðenÞ;

n 
 1, Eq. (41) reduces to

@h
@t

þ �vr
@h
@r

¼ �r
h4

h
; (44)

with

r ¼ stref
trad

¼ O 1ð Þ:

Equation (44) is physical consistent only if h varies in the interval
ðhamb; 1Þ, where 1 is the dimensionless temperature of the fluid at the
vent. Concerning conditions (13), these are still largely fulfilled.

Equation (44) must be coupled with the radial version of (19),
i.e.,

1

2ð1�kÞ=2
@h
@t

� 1
r
@

@r
r F ðh; hÞ

��� @h
@r

���k�1 @h
@r

� �
¼ 0; (45)

supplemented with the condition

V tð Þ ¼ 2p
ðRðtÞ
0

h r; tð Þrdr; (46)

where VðtÞ is the dome volume at time t and where we recall that

F h; hð Þ ¼
ðh
0
h� sð Þ h� s

g h� hambð Þ
� �k

ds ¼ hkþ2

gk h� hambð Þ kþ 2ð Þ :

(47)

To close the problem, we must assign a physically significant function
gðh� hambÞ, appearing in the constitutive equation (4). We could
assume, for example, the following Arrhenius-type law, that is

gðh� hambÞ ¼ exp bðh� hambÞd
h i

; (48)

where b and d are the dimensionless parameters that depend on the
chemical composition and other characteristics of the fluid, and
h 2 ðhamb; 1Þ, with 0 < hamb < 1. Viscosity can vary of orders of mag-
nitude, at a given temperature, changing the nature of magma (rhyo-
litic, basaltic, etc.) and the percentage of water content.45–47 Our model
suggests that lc ¼ Oð1018Þ is the present (dimensional) viscosity of
the fluid and many researchers argued about the viscosity at the erup-
tion time. Figure 9 shows lcgðh� hambÞ in two cases, b ¼ �10;�15,
with d ¼ 1=3. We remark that, as shown in Ref. 47, the precise values
of viscosity vary in a wideband depending on the magma water

TABLE V. Order of magnitude (or estimated values) of some relevant parameters for Venusian domes20,38–40,43,44 and the corresponding characteristic radiation and diffusive
timescale.

cp (Jkg
�1 K�1) K (Wm�1K�1) E href (K) hamb (K) trad (s) tdiff (s)

1:2� 103 15 0.8 1:3� 103 7� 102 5:6� 107 4:2� 1010

FIG. 9. Possible behavior of viscosity with (dimensionless) temperature based on
(48) with d ¼ 1=3.
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percentage. Therefore, deductions based on (48), should be viewed
more from a qualitative viewpoint than from a quantitative one.

VII. UNIFORM TEMPERATURE APPROXIMATION

We now assume that:

• The temperature is spatially uniform, i.e., h ¼ hðtÞ, and, inspired
by (44), we stipulate that its evolution equation is

_h ¼ �A h4; (49)

where A is a suitable positive parameter which we will specify
shortly.

• At t¼ 1, namely, at the end of the effusion phase, the fluid has
thermalized with ambient, while at the beginning of the process,
i.e., at t¼ 0, the temperature is maximum, i.e.,

h 1ð Þ ¼ hamb; h 0ð Þ ¼ 1: (50)

We integrate backward in time (i.e., for t � 1) Eq. (49) with the “ini-
tial” condition (50)1, getting hðtÞ ¼ hambð1� 3A h3ambð1� tÞÞ�1=3.
We then impose (50)2 obtaining

h tð Þ ¼ hambffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� h3amb

	 

1� tð Þ3

q ;

so that

A ¼ 1� h3amb

h3amb

: (51)

Using (47), Eq. (45) becomes

gk h� hambð Þ @h
@t

� 2ð1�kÞ=2

kþ 2ð Þr
@

@r
r hkþ2

��� @h
@r

���k�1 @h
@r

� �
¼ 0: (52)

Next, we remark that h and t are in a one-to-one correspondence, and
we can write t ¼ tðhÞ, with

tðhÞ ¼ 1� 1

1� h3amb

1� hamb

h

� �3
" #

; (53)

and look for ~hðr; hÞ ¼ hðr; tðhÞÞ, so that
@h
@t

¼ @~h
@h

_h ¼ �A h4
@~h
@h

:

Equation (52) can be rewritten as

�A h4gk h� hambð Þ @
~h

@h
� 2ð1�kÞ=2

kþ 2ð Þr
@

@r
r ~h

kþ2
��� @~h
@r

���k�1 @~h
@r

� �
¼ 0:

We now introduce the auxiliary variable

u ¼ u hð Þ () h ¼ h uð Þ
defined through the differential equation

�A h4gk h� hambð Þ @u
@h

¼ 1: (54)

Recalling (48), (54) gives

u hð Þ ¼ uo �
3
A
Kðh; k; b; dÞ; (55)

where

Kðh; k; b; dÞ ¼
ðh
hamb

s�4 exp �kbðs� hambÞd
h i

ds;

and the initial value uo ¼ uðhambÞ has to be conveniently chosen. We
require u to be a non-negative function of h 2 ðhamb; 1Þ. Thus, we
select (see Fig. 10)

uo ¼
3
A

max
h;k;b;d

Kðh; k; b; dÞ ¼ 3
A
max
k;b;d

Kð1; k; b; dÞ: (56)

Figures 11 and 12 show K and u, respectively, as functions of
h 2 ðhamb; 1Þ, for prescribed values of b, d, and k. Figure 13 shows u,
directly, as a function of t.

Clearly, by inverting both t ¼ tðhÞ in (53) and u ¼ uðhÞ in (55)
we can also evaluate t as a function of u and vice versa.

Then, we look for ĥðr;uÞ ¼ ~hðr; hðuÞÞ ¼ hðr; tðhðuÞÞÞ, whose
equation is

@ĥ
@u

� 2ð1�kÞ=2

kþ 2ð Þr
@

@r
r ĥ

kþ2
��� @ĥ
@r

���k�1 @ĥ
@r

� �
¼ 0: (57)

To solve Eq. (57), differently from (21) where
hðr; tÞ ¼ bt�aPðnÞ, we now seek the solution in the form

ĥ r;uð Þ ¼ un�aP nð Þ with n ¼ cr2u�a; (58)

with c; n; a positive constants to be conveniently chosen (as it will be
specified in the sequel). We remark that u 
 0, because of (56). In par-
ticular, since by definition hðRðtÞ; tÞ ¼ 0 for every t, we impose
Pð1Þ ¼ 0, yielding

RðuðhðtÞÞÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
uaðhðtÞÞ

c

s
: (59)

On the other hand, exploiting (58), the dimensionless volume of
the dome writes

VðtÞ ¼ 2p
ðRðtÞ
0

hðr; tÞr dr ¼ puðhÞn
c

ðcRðuÞ2uðhÞ�a

0
PðnÞ dn: (60)

FIG. 10. Behavior of uo given (56), for k ¼ 0:8; d ¼ 1=3, and b 2 ð�15;�10Þ.
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In particular, at the end of the effusion phase, i.e., at t¼ 1, we have
h ¼ hamb; uo ¼ uðhambÞ, and so,

VðhambÞ ¼ pun
o

c

ðcRðhambÞ2u�a
o

0
PðnÞ dn; (61)

where we recall that, according to Table I, RðhambÞ ¼ Ro ’ 0:65, and
VðhambÞ ¼ Vo ’ 2:2. We can simplify (61) choosing

c ¼ R�2
o ua

o ; (62)

so that

VðhÞ ¼ 2p
ðRðhÞ
0

hðr; tÞr dr ¼ pun�aðhÞR2
o

ð1
0
PðnÞ dn; (63)

yielding ð1
0
PðnÞ dn ¼ ua�n

o

pR2
o
Vo; (64)

which plays the role of a side condition for the unknown function
PðnÞ. In addition, (59) rewrites

RðuðhðtÞÞÞ ¼ Ro
uðhðtÞÞ
uo

� �a=2
: (65)

Plugging (58) into (57), we obtain the following differential equa-
tion in n:

FIG. 11. Behavior of uðhÞ for k ¼ 0:8; d ¼ 1=3, and b ¼ �15;�10, with h 2 ðhamb; 1Þ ’ ð0:54; 1Þ.

FIG. 12. Representation of KðhÞ for k ¼ 0:8; d ¼ 1=3, and b ¼ �15;�10 for
h 2 ðhamb; 1Þ ’ ð0:54; 1Þ.

FIG. 13. Behavior of uðhðtÞÞ for k ¼ 0:8; d ¼ 1=3, and b ¼ �15;�10.
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� n kþ 2ð Þ
2
3þk
2

P þ d
dn

kþ 2

2
kþ1
2

anP þ c1þ2kn
kþ1
2 Pkþ2jP0jk�1P0

� �
¼ 0;

(66)

provided

a ¼ 2 1þ nþ nkð Þ
3þ 5k

:

Let us define

A1 ¼ � n kþ 2ð Þ
2ð3þkÞ=2 ; A2 ¼ kþ 2

2ðkþ1Þ=2 a; A3 ¼ c1þ2k;

with c given by (62). As we already noticed, h is monotonically
decreasing with respect to r, i.e., P0 < 0. Therefore, we rewrite (66) as
follows:

A1

A3
P þ d

dn
A2

A3
nP � n

kþ1
2 Pkþ2jP0jk

� �
¼ 0: (67)

The boundary conditions to be coupled to (67) are

Pð1Þ ¼ 0;ð1
0
PðnÞ dn ¼ ua�n

o

pR2
o
Vo:

8><
>: (68)

VIII. NUMERICAL SIMULATIONS

Clearly, to integrate the differential equation for P is the key
point. We verified, “a posteriori,” that changing either n, d, or k has a
very modest effect on the shape of P. On the other hand, changing b
modifies significantly the value of the integral of P, and, consequently,
the parameter b is crucial in order to satisfy the non-local condition

(68)2. Indeed, to solve (67) and (68), we applied a shooting method
allowing large values of jP0ð1Þj (which is theoretically infinite) and
changing P0ð1Þ until (68)2 is met. To limit the variability of the param-
eters involved, we fixed k ¼ 0:8, n¼ 0.3, and d ¼ 1=3, allowing b to
vary of one order of magnitude at least. Then, we identified, for each b,
the value of P0ð1Þ such that

D ¼ ua�n
o

pR2
o
Vo �

ð1
0
PðnÞ dn

����
���� � 10�4: (69)

Table VI shows, for each choice of b, the value of jP0ð1Þj needed to ful-
fill condition (68)2 within the approximation given by (69).

Table VI suggests that the larger is jbj the larger is the value of
jP0ð1Þj, thus approximating the theoretical condition jP0ð1Þj ¼ þ1.

It is interesting to notice that large values of b suggest the idea of
a very viscous fluid, typical of a rhyolitic magma. For a rhyolitic
magma, we can choose j ¼ 5� 10�7 m2s�1 (see Remark 1). Then,
the corresponding emplacement time are quite similar to those esti-
mated by Loewen et al.48 to the case of Summit Lake at Yellowstone

TABLE VI. Maximum value of jP0ð1Þj, for any given b, needed to fulfill condition
(68)2 within the approximation given by (69).

b �1 �5 �10 �15 �25

P0ð1Þ 3:08� 105 6:72� 105 2:99� 106 1:56� 107 5:27� 107

FIG. 14. Left panel: the solution PðnÞ of the differential equation (67) for b ¼ �25;�15;�10;�5, and d ¼ 0:33; k ¼ 0:8, n¼ 0.3. Right panel: the solution PðnÞ of the dif-
ferential equation (67) for n ¼ 0:1; 0:3; 0:5; 0:9, and d ¼ 0:33; k ¼ 0:8, b¼�10. For lower or greater values of b, the four plots remain practically coincident.

FIG. 15. Evolution of R vs time for b ¼ �1;�5;�10;�15, n¼ 0.3, d ¼ 0:33,
and k ¼ 0:8. At t¼ 1 the effusion phase is over, and the relaxation phase starts
when the front edge is in Ro.
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(USA). Indeed, this terrestrial dome is a prime example of an axisym-
metric lava flow propagated over a horizontal surface. This circum-
stance suggests to the authors to apply the similarity solution for the
case of a Newtonian fluid flow of Huppert6 to estimate discharge and
the duration of its emplacement (see Table I in Ref. 48). However, the
same authors point out that, as a lava flow cools, the yield strength of a
thickening cooled crust will exert primary control on lava flow behav-
ior, requiring application of a viscoelastic model11,49 but also resulting
in more complex compound flow. Of course, although fascinating and
suggestive, this conclusion cannot be considered in any manner a con-
clusive indication about the largely debated question of the physical
mechanism that originated the pancake domes on Venus.

In Fig. 14, we display PðnÞ for various values of b and n. Note
that the solution is singular at the origin, reflecting the fact that fluid is
being introduced at a non-zero rate at r¼ 0.

Figure 15 shows R as a function of both temperature and time,
during the effusion phase. We notice that the greater is jbj (that is the
smaller is the viscosity of the fluid), the faster is the dome radius to
approach its final value at the end of the effusion phase. For instance,
with b¼�15, RðtÞ ¼ 0:95Ro for t¼ 0.23.

Figure 16 shows h as a function of temperature over the interval
ð0:2;RoÞ ¼ ð0:2; 0:65Þ, during the effusion phase, for b ¼ �10;�25.
A representation closer to r¼ 0 is meaningless because of the

singularity. Indeed, at the vent, the asymptotic analysis based on the
thin layer approximation formally breaks down during the effusive
phase.6

The volume flux (discharge) at the vent during the effusion phase
can be evaluated simply by differentiating V(t). It turns out

Qðt; n; k; b; dÞ ¼ Vou
�n
o

d
dt

unðhðtÞ; k; b; dÞ½ �: (70)

It must be emphasized that Q(t) is uniquely determined by u,
that is, by the function which links viscosity to temperature during the
evolution of the similarity solution. This suggests that the parameter b
must have a non-negligible effect on Q(t). Figure 17 shows that Q(t)
decreases monotonically, practically vanishing at the end of the effu-
sion phase, consistently with the physical expectation. Indeed, for b
decreasing from�15 to�25, Q(1) reduces from Oð10�2Þ to Oð10�6Þ.

We find the dimensional discharge to be

QðtÞ ¼ HrefL2ref
stref

ð1
0
QðtÞ dt ¼ HrefL2ref

stref
Vo ’ 6� 103 m3s�1:

It is interesting to note that the above value is within the range esti-
mated by Loewen et al. in Ref. 48 analyzing the case of a point source
eruption of rhyolitic lava which formed the Summit Lake, just men-
tioned before.

IX. CONCLUSIONS

Radar backscatter data from many steep-sided domes on Venus
indicate that they have smooth, relatively unbroken surfaces. Their
small aspect ratio allows applying a mathematical approach based on
the thin-layer approximation. Our research does not address questions
about the physical mechanism that leads to the observed shapes, such
as those considered by Stofan et al.,17 but criticized by others.1

Similarly, we do not discuss the question of which type of lava might
have formed these domes.27

Our primary goal is to generalize the approach of Quick et al.,1

establishing a mathematical model for a non-Newtonian viscous fluid
cooling and spreading over a rigid surface, capable of capturing the
patterns observed in the SAR images and altimeter profiles. Our
model, indeed, generalizes the one by Quick et al.,1 under several
respects, listed in the sequel:

FIG. 16. Left panel: evolution of hðr ; hÞ over the interval ð0:2;RoÞ ¼ ð0:2; 0:65Þ as temperature decreases from 1 to hamb for n¼ 0.3, b¼�10, d ¼ 0:33 and k ¼ 0:8. Right
panel: Evolution of hðr; hÞ over the interval ð0:2;RoÞ ¼ ð0:2; 0:65Þ as time increases from 0 to 1, for n¼ 0.3, b¼�25, d ¼ 0:33 and k ¼ 0:8.

FIG. 17. Evolution of Q over the time interval (0, 1) for n¼ 0.3,
b ¼ �10;�15;�25; d ¼ 0:33, and k ¼ 0:8.
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1. Lava is considered a non-Newtonian fluid of power-law type. In
particular, we adapt the approach of Rajagopal et al.,36 allowing
the viscosity to depend on temperature (instead of pressure). The
non-Newtonian constitutive model represents a step forward
with respect to the theory illustrated in Ref. 1. Indeed, the intro-
duction of a further parameter besides viscosity allows to fit two
different profiles of the same dome (e.g., SW-NE and N-S) with
the same set of parameters. Figure 6 shows that, with k¼ 1, the
two profiles of the dome are fitted with two significantly different
values of s (duration of the relaxing phase), a circumstance diffi-
cult to be justified from the physical point of view.

2. As in Quick et al.,1 we distinguish the two main phases of the
dome evolution, the effusive and relaxing ones. However, unlike
Ref. 1, the influence of the temperature is coherently included in
the model by using the heat equation in the purely radiative
regime, since a careful dimensional analysis shows that diffusion
and convective effects can be neglected.

3. Our simulations and subsequent comparison with the available
data, suggest a precise variable flow rate at the vent Q(t), based on
the mass conservation law. In our model,Q(t) turns out monoton-
ically decreasing with time. From this point of view, we are far
from the approach in Ref. 1: there, the authors allow a constant
flow rate obtained by applying the model of Babu and van
Genuchten50,51 which we believe not fully consistent in the present
context. Indeed, the approach by Babu and van Genuchten [see
Eq. (a) in Ref. 51 and compare it with Eq. (52) in the present
paper] concerns an isothermal Newtonian flow taking place in
radial direction into an initially dry homogeneous isotropic soil
under the assumption of a constant injection rate at the origin.

4. The values of the dimensional flow rate provided by our model
are compatible with those suggested by Ref. 48 for Summit Lake
flow, a rhyolitic eruption in Yellowstone, applying the classical
Newtonian model by Huppert.6,7 Although not conclusive, this
circumstance suggests a possible answer to the intriguing and
largely debated question of the physical process that originated
the pancake domes on Venus.

5. Finally, we remark that our model is stated in a fully dimension-
less form, but when we introduce a suitable length scale, the cal-
culated physical quantities appear to match significantly those
present in the current literature. Nevertheless, a lot of caution
should be taken with these values, since, we remind, nothing is
known about the chemical composition of the lava which formed
the dome considered.
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