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Relationships between primary and secondary data are frequently quantified using the correlation
coefficient; however, traditional means of calculating experimental correlation coefficients are known
to be adversely affected by outlier data. A new method for calculating a robust correlation coefficient is
proposed based on a weighted average correlation calculated from different combinations or subsets of
the original data. The proposed robust correlation coefficient is shown to have a higher breakdown
point than either Pearson’s or Spearman’s correlation coefficients as well as two out of three other
robust correlation coefficients. The least median of squares (LMS) correlation coefficient has the highest
possible breakdown point; however, it also tends to give unrealistically high or low correlation
coefficients. A simulation study demonstrates the differences between the proposed robust correlation
coefficient and other robust correlation coefficients. When the sample size is small, the uncertainty in
the measured correlation can be very large, especially when the measured correlation is low. The
uncertainty in the correlation coefficient is calculated based on the measured correlation and the
number of data. This sampling distribution for the correlation coefficient requires a number of
independent data; however, earth sciences data are often spatially dependent. Thus, a method for
calculating an effective number of independent data using the variogram is proposed. An example is
presented that applies the developed techniques to a petroleum geostatistics problem. The methodologies

presented in this paper are implemented in FORTRAN code made available as part of this paper.

© 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The relationship between bivariate data is frequently summar-
ized by the correlation coefficient. The sign of the correlation
coefficient is positive if the variables are directly related and
negative if they are inversely related. The closeness to +1 or -1
measures the closeness to a linear relationship. In some instances
a few outliers significantly decrease an otherwise high correla-
tion. The traditional Pearson correlation coefficient is known to be
highly affected by outlier data (Abdullah, 1990; Isaaks and
Srivastava, 1989; Jeongtae and Fessler, 2004; Shevlyakov, 1997).
The Spearman rank correlation coefficient is considered to be
more resistant to outliers, although it is also adversely affected by
outlier data.

Methods for detecting outlier data have been suggested (Barnett
and Lewis, 1994; Davies and Gather, 1993; Johnson and Wichern,
2007; Penny and Jolliffe, 2001; Rousseeuw and Zomeren, 1990).
Outliers could be trimmed from the data and the correlation of the
remaining points can be calculated. However, in some cases, the
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outlier data may be reliable data and should not be excluded
(Gideon and Hollister, 1987), especially when the sample size is
small. However, the influence of such data should not be inordi-
nately large.

Often, correlations are estimated from a small number of
observations. When the sample size is small, the uncertainty
about the value of the true correlation can be very large,
particularly when the estimated correlation is low (Kalkomey,
1997). It is useful to quantify the uncertainty in the correlation
coefficient to assess its significance and to perform sensitivity
studies.

Many statistical and geostatistical models and techniques rely
on the correlation between different data variables. This research
establishes a procedure to calculate a robust correlation and
quantifies the uncertainty in the correlation coefficient through
its sampling distribution of the correlation coefficient.

The correlation coefficient is particularly important in cases
with sparse primary data and exhaustive secondary data such as
offshore petroleum well data and seismic data. In this case, there
may be only five to eight wells that have been drilled for
production potential and not statistical representivity. Each of
these wells is expensive and important. The final geological
models will be highly dependent on the correlation coefficient
established by simple spreadsheet calculations. Making this


www.elsevier.com/locate/cageo
dx.doi.org/10.1016/j.cageo.2011.06.021
mailto:eniven@ualberta.ca
mailto:cdeutsch@ualberta.ca
dx.doi.org/10.1016/j.cageo.2011.06.021

2 E.B. Niven, C.V. Deutsch / Computers & Geosciences 40 (2012) 1-9

correlation robust and understanding its uncertainty have a large
practical impact.

2. Measures of correlation
2.1. Pearson’s correlation coefficient

Let (X1,Y1),....(Xn,yn) be n observations from a bivariate normal
distribution with parameters (i, 1,,03,03,p), where ji; and o are
the mean and variance of x, y1, and ¢2 are the mean and variance
of y, and p is the correlation coefficient between x and y given by
p=po«/o, where f is the slope parameter of regression of y on x.
The sample correlation coefficient commonly used for estimating
p is the Pearson’s product-moment correlation coefficient defined
by (Pearson, 1920; Rodgers and Nicewander, 1988):
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One problem with using Pearson’s product-moment correla-
tion coefficient is that the sample means for x and y are sensitive
to outlier data. As a result, the correlation estimate r, is also
sensitive to outliers in x, y, or both variables (Abdullah, 1990;
Jeongtae and Fessler, 2004). Even a few outliers can degrade the
sample correlation coefficient.
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2.2. Spearman’s rank correlation coefficient

As an alternative to Pearson’s correlation coefficient, the
nonparametric Spearman’s rank correlation coefficient, r;, can be
calculated as

_ 4 BTN (ry—1)’P
VR

@)

where r,; and ry; are the ranks of x; and y;, respectively. Spear-
man’s correlation coefficient does not require the assumption of a
linear relationship between the variables and is generally more
resistant to outliers than Pearson’s coefficient. However, as is
shown later in this paper, Spearman’s rank correlation coefficient
is still quite sensitive to outliers, particularly in the presence of
sparse data.

2.3. Outlier data

Outliers can be loosely defined as observations, which appear
to deviate markedly from the other members of the sample
(Grubbs, 1969). Hawkins (1980) defines an outlier as “an obser-
vation that deviates so much from other observations as to arouse
suspicions that it was generated by a different mechanism”. There
is no mathematical definition for what constitutes an outlier
(Davies and Gather, 1993) and determining which data (if any)
are outliers remains subjective. Data quality control and checking
should identify erroneous data for removal; our concern is with
influential multivariate observations that influence our calculated
statistics.

Outliers can occur by two main ways. They may occur due to
random variability in the data. In this case, outliers would
normally be generated from a heavily tailed distribution. The
second way for outliers to occur is when the data arise from two
different underlying distributions. The “good” data come from
one distribution and the “bad” or “contaminated” data come from
another distribution. In this case, the contaminated data could be
due to experimental or measurement error or any number of
other ways.

If the data come from a heavily tailed distribution, the outliers
are valid. In this case we would want to keep and use those

observations. When the outliers occur from another distribution,
we would hope to be able to identify and discard those values or
use statistical methods that are robust to outliers. Reasons for
different distributions of data could be different geological struc-
tures or processes.

Outlier detection has been widely discussed in the literature.
Barnett and Lewis (1994), in particular, provide extensive reviews
on this topic giving over 100 discordancy tests for a number of
distributions. Despite the number of options for detecting out-
liers, there is no guarantee of finding any because there may not
be a test developed for a particular combination, or the data do
not follow any standard distribution.

Outlier detection in the bivariate or multivariate case can be
even more challenging than in the univariate case. If the bivariate
dataset is large and highly correlated, detecting outliers may be
relatively easy. However, if the dataset is small (say less than 20
paired data values) and the correlation is low to moderate (say
less than 0.5), we may not be able tell whether or not suspicious
data points are outliers or an example of lack of correlation
between the two variables.

2.4. Robust estimates of correlation

The idea behind robust estimation of means or covariances
(and hence correlation) is to reduce the effect of outlier samples
either by weighting or removing them altogether (Campbell,
1980; Jeongtae and Fessler, 2004; Rousseeuw and Zomeren,
1990; Titterington, 1978).

One of the most popular robust methods for estimating
correlation (and regression coefficients) is the least median of
square (LMS) estimation (Rousseeuw, 1984). The LMS regression
coefficients minimize the median of the squared residuals. One of
the big advantages of the LMS estimators is their noted 50%
breakdown point, which means that LMS regression can give
reliable results up to the point where 50% of the data are outliers.
The LMS algorithm is similar to the bootstrap in that it proceeds
by repeatedly drawing subsamples of p different observations
from the dataset. For each subsample, J={iy,...,ip}, a regression
line is found for the p points. Each regression line is viewed as a
trial estimate and denoted 0,. For trial, 0, the residuals between
the regression line and the full dataset are calculated. The LMS
objective function is defined by the median of the residuals:

 med Vi—xi0)>. 3)

The trial estimate, which gives the minimal median of the
squared residuals, gives the LMS coefficients and the correlation.
Shevlyakov (1997) introduced a robust correlation coefficient
that utilizes the Hampel medians of absolute deviations to obtain
the median correlation coefficient.
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Gideon and Hollister (1987) approach robust correlation from
another perspective by introducing a robust rank correlation
coefficient based on the principle of maximum deviations.

rg = (d(e-p—d(p))/IN/2], 6

where - is a group operation that is a composition of mappings
(€op=(N+1-p1,.. ,N+1—py)), and p=p(x,y) is the permutation
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determined by the sample and ¢ is the reverse permutation.

N
dip)=>_I(r(x)) <i<ryy), @)

i=1

where r(x;) and r(y;) are the ranks of x and y, respectively.

di(esp)= D _I(i<N+1-p)). 8)
j=1

Another method for calculating a robust correlation coefficient
involves calculating an ellipsoid and trimming any data that do
not fall within the ellipsoid. This technique works best for data
that follow a normal distribution and other swarms of data that
are elliptical (Titterington, 1978).

Despite these methods aimed at calculating robust correlation
coefficients, there is room for improvement. The key idea devel-
oped below is to isolate the influence of each individual data pair
(and sets of data pairs) and to ensure that the correlation
coefficient is robust, yet fairly considers all data. The performance
of any correlation coefficient estimator can be checked by a
simulation study.

3. Correlation in sparse datasets in the presence of outliers

Fig. 1 shows a scatter plot of the bivariate relationship
between two variables, x and y. The scatter plot shows what
appears to be a strong direct correlation between the two
variables marred by one potential outlier data point at a location
of (7,1). The Pearson and Spearman correlation coefficients for the
data shown in Fig. 1 are 0.291 and 0.214, respectively. Note that,
while the Spearman correlation coefficient is usually more resis-
tant to the effects of outliers, in this case it is more strongly
affected by the potential outlier data point. In general, the
Spearman correlation will be more robust when the outliers
appear as unusually low or high values and not as values within
the data distribution.

Of course when a dataset such as the one shown in Fig. 1 is
observed, it would be natural to think that the point at (7,1) is an
outlier. It may be a sample that belongs to another statistical
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Fig. 1. An example dataset with one potential outlier data point. The potential
outlier appears to be negatively affecting what would otherwise be a strong
correlation between x and y. Note that, in this case, the rank correlation coefficient
appears to be more strongly affected by the outlier than the Pearson’s correlation
coefficient.

population or perhaps there is an error with one of the
measurements.

If we could be reasonably sure that the point at (7,1) is an
outlier, we could simply remove it from the dataset altogether. In
this case, the Pearson and Spearman correlations would increase
to 0.910 and 0.943, respectively. However, suppose we have
carefully looked at all possibilities and have not found any reason
to believe that the point at (7,1) belongs to another statistical
population. In this case, the data should be considered in the
calculations, but its importance should not be unreasonably large.

3.1. A weighted average correlation from a leave-one-out test

In order to arrive at a more robust correlation coefficient, we
begin by introducing a “leave-one-out test” (LOOT), whereby a
data point is removed from the dataset and the correlation is
recalculated. This procedure can be repeated n times for a dataset
with n points, leaving a different data point out each time. The
result is n calculated Pearson correlation coefficients. A LOOT was
conducted for the data shown in Fig. 1 and the results are shown
in Table 1. For the first 6 leave-one-out tests, the resulting
correlations are very low and unrepresentative of the obvious
correlation in the data. However, the last test results in a
correlation of 0.910.

The proposed robust correlation coefficient is based on the
idea of a weighted average of the correlations calculated in the
LOOT. The idea is to weight the correlations according to their
difference from the actual correlation as follows.

, C)

o

W= |rACtuaI_ri,LOOT

where:

e w; is the resulting weight assigned to each correlation calcu-
lated in the leave-one-out test;

® Tacua 1S the Pearson’s correlation coefficient calculated using
all of the original data;

e ri;00r is the ith Pearson’s correlation coefficient calculated
from leaving out the ith data point in the leave-one-out test;

e ¢ is a weighting exponent and is a function of the number of
data (x=1+n/12). a is restricted to a maximum of 15 due to
computational limitations and the observation that beyond a
certain point a larger exponent is unnecessary.

The weighting coefficient is directly related to the sample size.
As the sample size increases, the outlier data point effectively
gains more influence on the calculated correlations in the LOOT
since there are more combinations that use the outlier and only a
few that do not. Thus, a larger exponent gives a larger weight
(relative to the other weights) to the correlation that does not use
the outlier data point.

In the above example the correlation obtained from removing
the point at (7,1) is the most different from the actual correlation
of 0.291 and thus receives the most weight. This makes sense

Table 1
Resulting correlations from a leave-one-out test (actual correlation is 0.29).

Coordinates of left out point (x,y) Resulting correlation Weight (w;)
(1.00,1.98) 0.081 0.085
(2.00,3.20) 0.235 0.010
(3.00,3.53) 0.269 0.002
(4.00,7.25) 0318 0.003
(5.00,5.44) 0.272 0.002
(6.00,9.31) 0.002 0.140
(7.00,1.00) 0.910 0.468

Updated correlation from leave-one-out test=0.615.
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since we want to somehow minimize the impact of this suspi-
cious data point.

Then, the more robust correlation coefficient calculated from
the LOOT for sparse datasets is defined as

S 1 Wilizoor
Sioawi
The updated correlation coefficient is essentially a weighted

average of the correlations calculated in the LOOT, where the

weights are defined in (9). The weighting scheme in (9) assigns
the greatest weights to the correlations that are the most different
from the actual Pearson’s correlation coefficient. The idea is that
the data points that have the biggest impact on the correlation are
the ones that are most likely to be outliers. For the data shown in

Fig. 1, the LOOT correlation weights and updated correlation

coefficient are as follows in Table 1. As is shown in the table,

the updated correlation coefficient from the LOOT is 0.615, which
seems reasonable given that we do not want to exclude the
potential outlier.

(10

TRobust,LOOT =

3.2. A weighted average correlation from a leave-X-out test

The LOOT and weighted average correlation is effective for the
case where there is one potential outlier data point. Of course, the
idea can be extended to account for multiple potential outlier
data points by considering a “leave-X-out test” (LXOT), where
X varies from 1 to n—3 (correlations cannot be calculated with
1 data and correlations calculated using 2 data have little value).
This calculation would yield n—3 weighted average correlations
from each of the LXOTs. However, as the number of data increases
the updated correlations calculated using only small amounts of
data tend to be unreliable. For example, say we have 30 data and
we want to conduct a L,;0T (where varying combinations of 27
data are left out and the remaining 3 data are used). The resulting
correlations from the L,;0T would likely be very erratic depend-
ing on which data are selected. Even for highly positively
correlated data there would be some subsets of 3 data that would
form a strong negative correlation. Since the correlations are
weighted by their difference to the actual correlation, those
subsets would receive a lot of weight. Thus, we suggest con-
straining X from 1 to ¢, as in (13). Thus, in a case with 100 data
points, the proposed correlation considers LXOTs where X ranges
from 1 to 77. There is no need to consider leaving out very large
subsets of data anyway. If there are 100 data points, leaving out a
maximum of 77 (a L;;0T) will already consider subsets with no
outliers since there are normally far less than 77/100 outliers in
the data. If there were 77 data that appeared to be from one
distribution and 33 from another, one would normally call those
33 data the outliers.

Then, each of the weighted average correlations can be
weighted again in a similar manner as follows:

% 1n

Wx LxoT = |rActual_rX,LXOT

where:

® Tacua 1S the original data correlation

® rxixor iS the updated correlation calculated in each leave-
“x-data”-out test

® wy xor are the weights calculated for each updated correlation
from the leave-“x-data”-out test

e o is the same weighting exponent as in (9) (i.e., x=1+n/12).

The weighting exponent in (11) works similar to that of (9).
We want to access the correlation from the LXOTs that are the
most different from the original Pearson correlation. However, as
the number of data points increases, the number of LXOTs that

must be performed also increases. A larger exponent for larger
sample sizes effectively gives more weight to the correlations
from the LXOTs that are the most different from the original
Pearson correlation.

Then a single robust correlation is calculated as follows:

Z)(? — 1 Wx,LX0TTX,LXOT

= R 12
TRobust Z)(?: ; WX,LXOT ( )
where
¢ =0.8n-3, 13)

where ¢ is rounded up to the nearest integer. Eq. (13) allows for a
reasonable maximum number of data to leave out.

3.3. The distribution of r

It is also necessary to examine the uncertainty in the correla-
tion coefficient. Naturally, since we have limited sample informa-
tion, we do not know the true underlying data correlation. When
the sample size is small, the uncertainty in the correlation
coefficient can be very large, particularly when the measured
correlation is low (Kalkomey, 1997).

The distribution of r (the sample correlation coefficient) as
given in Johnson et al. (1995) is

2pry.

_p2\n-1/2(] _p2y(n—4)/2 0 1aine
PR() = (a-p%) a-r? [F((1/2)({1! 1))

JAL(/2=1)I(1/2n=1) " & j

(14)

where —1<r<1.

Note that Eq. (14) also assumes that (X;Y;) and (X;Y;) are
mutually independent if i s j. In formula (14), p is the estimated
correlation, n is the number of independent data points, and I’ is
the gamma function.

3.4. Calculating the number of independent data

Eq. (14) requires the number of independent data points.
However, earth sciences data are rarely independent and are
usually spatially related. We can, however, calculate an effective
number of independent data.

Consider a number of observations X; where i=1,...,n. The
variance of the mean is given by

var{x} = % >3 G (15)

i=1j=1

But, we also know that the variance of the mean can be
calculated by (Edwards, 2006)

0.2
Var{x} = ——data (16)
Nlndependent
where Nigependen: i the number of independent data.
The covariance of the data can be calculated from the vario-
gram:

Cij = o'gata_yij' an
Therefore,
a3 a3 a3
Nlndependent = Vdiatg = 1/n2 ndata nC = 1/n2 n dutﬁ 2 _
ar{x}  (A/n®)>5_1 351G (/ND) 3T 35 o1 GV
(18)

Simplifying, we have

2.2
n O-dam

n n ) -

i=124=1C%0a i)

Nlndependent = E (1 9)
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Thus, the effective number of independent data can be calcu-
lated using only the number of data and the variogram. When the
correlation between two variables is being considered, the vario-
gram with the longest range should be used since it will yield a
lower effective number of independent data.

Now that we have a method for calculating the effective
number of independent data, the sampling distribution for the
correlation coefficient (Eq. (13)) can be used to calculate the
uncertainty in any measured correlation coefficient.

4. Computer codes

We created a suite of three FORTRAN codes to estimate a
robust correlation coefficient and its associated uncertainty.

A FORTRAN code called ROBUSTCORRCO automatically calcu-
lates the updated correlation coefficients for each LXOT as well as
an updated robust correlation. In cases where there are more than
approximately 20 data points, the time to calculate the number of
combinations of data in the LXOT becomes prohibitively large. As
a result, a specified number (say 10,000) of data combinations are
randomly sampled rather than calculating the correlation for
every possible data combination. ROBUSTCORRCO also calculates
the two traditional correlation coefficients as well as Shevlyakov’s
'mea» Gideon and Hollister’s r,, and Rousseeuw’s 1y, for compar-
ison purposes.

A FORTRAN code called NIND automatically calculates the
effective number of independent data based on (19) and the input
variogram model.

A FORTRAN code called SAMP_DIST_CORR calculates the sam-
pling distribution for the correlation coefficient. The program uses
the formula in (14) with the measured data correlation and the
effective number of independent data as inputs.

4.1. Practical considerations

Although the summation in Eq. (14) is to infinity, it tends to
converge rapidly except where the measured correlation is quite
high (i.e., p > 0.9). Thus, an upper summation limit and a tolerance
parameter are specified inputs into the SAMP_DIST_CORR program.
The program calculates the percentage of instances where the
summation parameter does not converge to a value smaller than
the specified tolerance parameter. If the percentage of values not
converging is too high, the summation parameter can be increased
(or the tolerance can be increased).

4.2. Breakdown properties of the proposed robust correlation

A simulation study, similar to the one presented in Abdullah
(1990), illustrates the breakdown properties of the proposed
robust correlation coefficient (12) compared to the traditional
Pearson and Spearman correlation coefficients, as well as the
three robust correlation coefficients, ryeqd, T, and rims, proposed by
Shevlyakov (1997), Gideon and Hollister (1987) and Rousseeuw
(1984), respectively.

First, 100 good observations are generated according to the
linear relation y;=2+x;+u; where x; is drawn randomly from a
normal distribution with a mean of 5.0 and a variance of 1.0. u; is
drawn from a normal distribution with a mean of 0 and a
standard deviation of 0.2. The results were as follows:
T'pearson="0.974, T'spearman=0.969 and rropus:=0.906. Note that the
proposed correlation (rropuse) is slightly lower than the Pearson
and Spearman coefficients. The original Pearson correlation is
quite high (0.974), so when the proposed algorithm leaves out
data near the tips of the bivariate distribution, a slightly lower
correlation is measured in the remaining data, which has the

== (Pearson)

1n ~f=r (robust-proposed)
0.8 _: r (Spearman)
= 06 =>é=r (med)
E’ 2 == (g)
2 0.4+ r (LMS)
b=
g 0.2-
o
§ 07
B -0.2 \ "
g
£ -04+ ~
o
-0.6 »
_0.8 T T 1
0 20 40 60

Percent Contaminated Data (%)

Fig. 2. Simulation study comparing the effect of contaminated data on the
Pearson, Spearman, the proposed robust correlation coefficients and three other
robust correlation coefficients.

biggest impact on the proposed robust correlation. However, if
the measured Pearson correlation was lower (say 0.5), this effect
would be less pronounced.

Next, the data were slowly contaminated. In increments of 10
data points, the good data were replaced with bad data points.
The contaminated data points were generated according to the
linear relation where x; is uniformly distributed on [5,10] and y; is
drawn from a normal distribution with a mean of 2 and a
standard deviation of 0.2.

This was repeated until only 50 good observations remained.
Fig. 2 shows the comparison of the proposed robust correlation
coefficient against the traditional Pearson and Spearman correla-
tion coefficients as well as three other robust correlation coeffi-
cients and serves to highlight the point at which the correlation
coefficients begin to breakdown. In this study, Pearson’s correla-
tion coefficient breaks down with less than 10% contamination.
Spearman’s is more robust, as expected, but the proposed
approach is significantly better than either of the two traditional
correlation coefficients. Gideon and Hollister's rg fares only
slightly better than Spearman’s correlation coefficient and its
measured correlation with no contamination is much lower than
the others. Shevlyakov’s r;,.q exhibits reasonable resistance to
data contamination until about 20% contamination, but by 30%
contamination the correlation drops substantially. Rousseeuw’s
least median of square correlation, s, is known to have a 50%
breakdown point, as is shown in the figure. This is one of the main
advantages of LMS regression.

5. Applications and discussion

Fig. 3 shows a porosity versus log permeability dataset with 12
paired points. Each point is labeled with an arbitrary number for
reference purposes. Fig. 4 shows the location maps for the
porosity and log permeability values. The left side of the circles
indicate porosity (in %) and the right side of the circles indicates
log,o permeability (in mD). The Pearson and Spearman correlation
coefficients between the porosity and the log permeability data
are 0.545 and 0.776, respectively. Since the Pearson correlation is
lower than the Spearman rank correlation coefficient, the Pearson
correlation may be affected by outlier data. Visual inspection of
the scatter plot in Fig. 3 confirms that data point number one,
in particular, and to a lesser extent two and three, appears
to be “suspicious” or outliers. In this example, we assume that
there are no known errors in the measurements. The program
ROBUSTCORRCO calculates a robust updated correlation coeffi-
cient of 0.739, which agrees with the Spearman rank coefficient.
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The program also calculates three other robust correlations,
which are also noted on Fig. 3. In this case Shevlyakov’s req
and Gideon and Hollister’s ry are slightly lower than the proposed
robust correlation and Spearman’s rank correlation. However,
here the LMS correlation coefficient is 0.957, which seems much
too high based on visual inspection of the data and is much higher
than any of the other correlations.

With knowledge of the estimated and proposed robust corre-
lation coefficients, the uncertainty in the correlation coefficient
can be calculated by utilizing the sampling distribution for the
correlation coefficient. First, however, we need to know the
number of independent data points. We can use the program
NIND to calculate the effective number of independent data

points. The data file and a variogram model are the only two
inputs into the NIND program. In this case, a single-structure
spherical variogram with a range of 4000 units in the horizontal
plane and 10 units in the vertical direction was assumed since
there is not enough data to calculate a reliable experimental
variogram. Based on the data configuration, the number of data,
and the assumed variogram, the effective number of independent
data calculated by NIND is 10.8.

The program SAMP_DIST_CORR is used to calculate the sam-
pling distribution for the correlation coefficient. The robust
correlation (0.739) and the number of independent data
(Ning=10.8) are input into the program. The output is a prob-
ability density sampling distribution for the correlation coeffi-
cient, which is shown in Fig. 5. Note that the P50 for this
distribution is approximately 0.76, which is different than the

40.0 . . . . .
] mean due to the asymmetric nature of the sampling distribution.
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The 10th and 90th percentile (the P10 and P90) correlation values
are approximately 0.11 and 0.90, respectively.

Note that if the measured correlation was lower, or if there were
fewer data, the sampling distribution for the correlation coefficient
would be even wider. For example, Fig. 6 shows the sampling
distribution for the correlation coefficient for a measured correlation
of 0.3 and 8 independent data points. The uncertainty in the
correlation is much wider in this case and the P10 and P90
correlation values are -0.34 and 0.78, respectively.

For one final example, consider the data from an offshore
reservoir shown in Fig. 9. The figure shows six paired points on a
scatter plot between a seismic attribute and porosity. The data
points have been labeled with arbitrary numbers for reference
purposes. The Pearson correlation is -0.471 and the Spearman
rank correlation is -0.771. On examination of the figure, data
points one and six appear to be outliers or at least suspicious.
Here, the program ROBUSTCORRCO calculates a robust updated
correlation coefficient of -0.533, which is in good agreement with
the traditional Pearson correlation coefficient. This makes sense
when the results are examined in more detail. When point
number one is left out of the calculation in a LOOT, the correlation
between points two to six is -0.087. However, when point
number six is left out of the calculation, the correlation of the
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Fig. 6. Sampling distribution for the correlation coefficient for a measured
correlation of 0.3 and 6 independent data points.
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Fig. 7. A seismic attribute versus porosity from an offshore reservoir. Although
only five points are visible, there are actually six points since there are two points
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Fig. 8. Sampling distribution for the correlation coefficient for the data in Fig. 8.

remaining points is -0.927. Elimination of any of the other points
makes little difference to the resulting correlation. Thus, the
effects of point one and six roughly offset each other.

The three robust correlations are also seen in Fig. 7. As shown,
the robust correlation coefficients are r,e4=-0.351, r;=-0.667
and ry,s=-0.972. Just as in the last example the LMS correlation
tends toward the extreme end of the correlation spectrum.

Fig. 8 shows the sampling distribution for the robust updated
correlation coefficient for the offshore reservoir data. In this case,
there are no spatial locations for the data so it is assumed that the
data are independent of each other. The sampling distribution
shows P10/P50/P90 correlation values of approximately -0.89/-
0.60/0.00, respectively. Thus, according to its distribution, there is
a 10% chance that the correlation is greater than zero, based on
the number of data and the calculated robust correlation.

6. Simulation study

In an effort to compare the proposed robust correlation coeffi-
cient to the other robust correlation coefficients and to help explain
the extreme ry,s values, a few small simulation studies were
performed. In the first simulation study, 100 realizations of 10 data
points (x,y) are generated by drawing x and y values randomly and
independently from a uniform distribution between 0 and 10.
Correlation coefficients are calculated for each 10 point realization.
Since the x and y values are drawn randomly and independently
from uniform distributions, the average correlation is expected to be
0.0. The results of the study are shown in Table 2. For each
correlation coefficient, the average was very close to 0.0 as expected.
More interesting is the standard deviation of correlation of the 100
realizations. The 0 pearson= 0 spearman=0.34 While G ropus-proposed=0.29
and is similar to 0,=0.25. The lower standard deviation for
ORobust-proposed aNd g Makes sense since they should be less affected
by outliers that give correlation to Pearson and Spearman’s coeffi-
cients for some realizations. Interestingly, ¢;,s=0.711, which is
much larger than for any other correlation coefficient. Fig. 9 provides
additional insight showing the relative frequency histograms
of Tpearsons rRobust—proposed and Tims. The histograms of Tpearson and
TRobust-proposed ar€ symmetric and centered around 0.0, as expected.
However, the histogram for r;,,s shows a distinct tendency toward
values near -1 and 1. Fig. 10 shows similar relative frequency
histograms except that the number of data points per realization
was increased from 10 to 50. When the number of data per
realization is increased, the standard deviation of the correlations
decreases as expected since the extra data points decrease the
impact of a few outliers. However, even with 50 data points
generated from two independent uniform distributions, the range
of correlation calculated by the LMS algorithm remains very wide.
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Table 2

Simulation study results for 100 realizations of 10 data points drawn from independent uniform distributions.

Pearson’s 1, Spearman’s r;

Proposed robust I'ropust

ShevlyakoV rpeq Gideon and Hollister, rg Rousseeuw ry;,¢

Average r -0.040 -0.035 -0.039 -0.026 -0.044 -0.035
SD 0.340 0.340 0.289 0.444 0.247 0.711
Minimum r -0.852 -0.952 -0.792 -0.907 -0.600 -0.991
Maximum r 0.711 0.842 0.666 0.873 0.400 0.989
3.5 44
—o-r (Pearson)
~o- r (Pearson)
34 r (robust-proposed) 3.54
r (robust-proposed
L (LMS) . (robust-proposed)
2.5 r (LMS)
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Fig. 9. Relative frequency histograms of correlation for 100 realizations of 10 data
points measured by three correlation coefficients, rpearson, TrRobust-proposed» and Tims.
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Fig. 10. Relative frequency histograms of correlation for 100 realizations of 50 data
points measured by three correlation coefficients, rpearson, I'robust-proposeds and Tims.

The standard deviation for ry;,;=0.509 with minimum and max-
imum correlations of —0.98 and 0.99.

For another simulation study, 100 realizations of 10 data
points are generated. This time the x values were drawn from a
normal distribution with m,=15 and oy=4. The y values are
drawn from a normal distribution with a mean conditional to
x (my|x), conditional variance (aﬁ‘x), and a target correlation of
0.6 where

X—m
my‘x:my+pay% (20)
and
oy =03 (1=p%) @

Pearson’s, the LMS and the proposed robust correlation coeffi-
cients are calculated for each of the 100 realizations. The average
Pearson correlation is 0.634. The average proposed robust

Fig. 11. Relative frequency histograms of correlation for 100 realizations of 10
data points (with expected correlation=0.60) measured by three correlation
coefficients, rpearson, T'Robust-proposeds aNd Tims.

correlation is 0.524 and is lower than the target of 0.6. The
average LMS correlation is 0.797, which is considerably higher
than the target. The relative frequency histograms are shown in
Fig. 11. The histograms for Pearson’s and the proposed robust
correlation coefficients are similar, although the proposed corre-
lation tends to be slightly lower than Pearson’s. However, similar
to the previous examples, the LMS correlation has a strong
tendency toward the extreme end of the correlation spectrum.
In fact, the LMS estimator calculates a correlation greater than
0.9 in 37 of 100 realizations.

Given that there is no formal mathematical definition for an
outlier and that we may or may not want to exclude outliers
depending on their origin and the number of data, it should be
no surprise that there are a many ways to calculate a robust
correlation coefficient. It appears that no correlation coefficient is
perfect in every situation. The traditional correlation coefficients
are particularly sensitive to outliers and two of the three robust
coefficients (rmeq and rg) are slightly more robust, but still
sensitive to outliers as shown by the breakdown test. The test
also showed that the proposed correlation coefficient is quite
resistant to outliers, though not as much as the LMS correlation
coefficient. However, in examples with lower correlation and
fewer data points the LMS correlation coefficient tends toward
the extreme ends of the correlation spectrum. Moreover, for any
particular underlying data distribution, the LMS estimator may
calculate a correlation anywhere along the spectrum depending
on the particular data configuration.

It would seem to be a good idea to calculate and compare
several correlation coefficients for any particular dataset. If some
of the coefficients agree with each other, it may be easier to trust
one of those calculated values. On the other hand, visual inspec-
tion of a scatter plot of the data should not be overlooked. If the
calculated correlation appears to disagree with visual inspection
of the scatter plot, perhaps one of the other robust or traditional
correlation coefficients makes more sense in that situation.
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One example of application of this research is in collocated
cosimulation. In collocated cosimulation a Markov-type assump-
tion is made where collocated secondary information is assumed
to screen further away data of the same type. This means that the
available primary data and a single secondary datum at the
estimation location are used in the calculation (Deutsch, 2002).
The collocated cosimulation relies on the measured correlation
between the primary and the secondary data. In some cases such
as in off shore oil and gas reservoirs, there may be few wells or
samples on which a correlation may be calculated. In these cases,
the uncertainty in the correlation coefficient may be quite large.

It is useful and valuable to use the program ROBUSTCORRCO to
obtain a more robust correlation coefficient. Then the program
NIND can be used to calculate the effective number of indepen-
dent data. Finally the program SAMP_DIST_CORR can be used to
obtain the sampling distribution for the correlation coefficient.

The aim is to arrive at a more robust correlation coefficient,
which minimizes the effect of outliers and is hopefully more
reflective of the true correlation coefficient, which will never be
known. By using a more robust correlation as input into the
collocated cosimulation, the influence of secondary data can be
more correctly scaled in the estimation and simulation of the
variable of interest.

The use of the sampling distribution for the correlation
coefficient allows one to examine the impact of the secondary
data on our estimates. In this example, the geostatistician could
perform three scenarios of collocated cosimulation with the Py,
Pso, and Pgq correlations to observe the impact of the uncertainty
in the correlation on the measured reserves. Or, a Monte Carlo
simulation approach could be used to randomly sample the
distribution of r as an input into the collocated cosimulation.
Given the demonstrated uncertainty in the correlation coefficient,
it is not difficult to imagine different scenarios having a major
impact on estimated reserves.

7. Conclusions

The relationship between multiple variables in geostatistics is
frequently estimated using the correlation coefficient. In cases
where there are a small number of samples, the uncertainty in the
correlation coefficient can be very large.

If a scatter plot of the data indicates the possibility for outlier
data, the first step is to examine the data for any potential errors
or inaccuracies. If no errors in the data are found and the sample
is small, the engineer or geologist may not want to eliminate the
suspicious data points from the dataset.

The sensitivity of Pearson’s correlation coefficient to outliers is
well known. An empirical study of the breakdown properties of
the traditional and robust correlation coefficients indicates that
Spearman'’s, Shevlyakov’s, and Gideon and Hollister’s correlation
coefficients are also significantly affected by outliers, although
they are more robust than Pearson’s coefficient.

A new robust correlation coefficient was proposed, which
showed a higher breakdown point than the traditional correlation
coefficient and two other robust correlation coefficients. The LMS
correlation coefficient has a breakdown point of 50%, which is the
maximum possible. However, it was shown that the LMS correlation
coefficient may exhibit a tendency toward calculating extreme
correlation values. Moreover, even when realizations are drawn

from some underlying distribution with a strong positive correla-
tion, the LMS estimator may calculate low or negative correlations.

Care and judgment should be used in selecting a correlation
coefficient to represent a dataset. It is fairly easy and quick to use
ROBUSTCORRCO to calculate each of the robust correlation
coefficients in addition to the traditional ones. Then the calcu-
lated values can be compared to each other and a scatter plot of
the data to arrive at a reasonable value.

Regardless of the calculated value or choice of correlation
between two variables, if the dataset is small, the uncertainty in
the correlation can be very large. The sampling distribution for
the correlation coefficient can be used to quantify its uncertainty
based on the measured correlation value and the number of
independent data.

Finally, the calculated uncertainty in the correlation coefficient
should be propagated through geological modeling (or any
further statistical or geostatistical analysis) to determine its
impact on the resulting models. This can be easily achieved by
running scenarios with different percentiles of the correlation
coefficient or a Monte Carlo simulation approach.

Appendix. Supporting information

Supplementary data associated with this article can be found
in the online version at doi:10.1016/j.cageo.2011.06.021.
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