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Abstract
Superfluid helium confined to nanofluidic systems is emerging as an important 
system for studies of two-dimensional turbulence and as the basis for novel quan-
tum technologies. In fully enclosed nanofluidic geometries, only the fourth sound 
can propagate, which we show can be used for probing quantized vortices pinned 
in well-defined slab geometry. We show that similarly to well-established second 
sound attenuation, fourth sound attenuation can be used to infer the number of quan-
tized vortices in a unit area. We experimentally verify fourth sound attenuation as a 
probe of vortex line density by injecting a known number of quantized vortices into 
a nanofluidic slab using a rotating cryostat.
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1  Introduction

Superfluid 4 He confined to microscopic geometries, typically as thin films, is an 
important system for fundamental studies of, e.g. two-dimensional turbulence [1, 
2] and phase transitions [3, 4] or for implementing emerging quantum technologies 
using electrons on helium surface [5] or strongly nonlinear confined acoustic modes 
[6] as qubit platforms.

Liquid 4 He becomes superfluid below 2.17 K at saturated vapour pressure. Super-
fluid 4 He (He II) can be described as a two-component fluid as a mixture of the 
normal component, which is viscous, carries the whole entropy of the system and 
can be treated using classical fluid mechanics, and the superfluid component, which 
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is inviscid and its circulation is quantized Γ = n� , where � ≈ 9.97 × 10−8 m 2s−1 is 
the quantum of circulation and n is an integer, as first proposed by Onsager [7] and 
further developed by Feynman [8]. The total density of He II is then the sum of den-
sities of both components � = �n + �s.

The quantized circulation can take nonzero values only in multiple connected 
domains. In bulk He II superfluid vorticity is restricted to quantized vortices, which 
are topological defects with a normal core of roughly 0.1 nm diameter, each carrying 
a single quantum of circulation [9]. For a container of He II rotating with angular 
velocity Ω , the superfluid will mimic solid body rotation with vorticity � = 2Ω by 
becoming threaded by a regular array of quantized vortices with the average number 
of vortices per unit area [9]

The cores of quantized vortices scatter thermal excitations, which results in dissi-
pative coupling between the normal and superfluid components called mutual fric-
tion [9]. Turbulence in the superfluid component takes the form of a highly disor-
dered tangle of quantized vortices [10]. The dynamics of quantized vortices were 
investigated by trapping a single quantized vortex on a microscopic wire [11–13], 
by direct visualization [14, 15] or, especially in turbulent cases, by attenuation of 
second sound [16]. Hall and Vinen [17, 18] have shown that the second sound (a 
wave in temperature or entropy density with oppositely oscillating normal and 
superfluid velocities) propagating perpendicularly to the cores of quantized vortices 
is attenuated.

In this work, we investigated the effects of quantized vortices on the attenua-
tion of fourth sound. In the case of the fourth sound, only the superfluid component 
moves and the normal component remains at rest. This can be achieved by confining 
He II in one of the dimensions which will result in viscous clamping of the normal 
fluid component to the walls. Fourth sound can be driven by, e.g. mechanically forc-
ing the oscillatory helium flow through a porous medium [19], confined channels [2, 
3], or micropores [20]. Due to the relative motion of normal and superfluid compo-
nents in the fourth sound, the presence of quantized vortices should lead to similar 
damping as for the second sound.

We demonstrate the fourth sound as a probe for investigating quantized vortices 
in a fully confined nanofluidic system. In analogy with second sound experiments 
[16], we show the attenuation of the fourth sound can be used to measure the vortex 
line density in nanofluidic channels. We verify experimentally the obtained expres-
sion for fourth sound attenuation in a rotating cryostat.

2 � Fourth Sound Resonance Attenuation

We begin by deriving the equations of motion of the fourth sound resonance in 
the presence of damping partly due to mutual friction. We assume that only the 
superfluid component moves (velocity �s ) and that the normal component is at 

(1)L =
2Ω

�
.
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rest, �n = 0 . The flow will be described in the frame of the geometry used for our 
experiment [21, 22], see Fig.  1a,b for a photograph and a sketch of the device. 
Two nanofluidic channels, with cross-section a and length l, connect a circular 
volume of the same height (“basin”) with the bulk He II in which the entire nano-
fluidic device is submerged. The top and bottom walls of the basin are covered 
by aluminium, which forms a parallel plate capacitor used to drive and detect the 
resonant motion of the superfluid in and out of the basin. The motion of �s will be 
treated in the linear approximation of small velocities and small temperature gra-
dients, neglecting the nonlinear convective term and the thermomechanical force 
will be treated as a part of an intrinsic damping [22]. The equation of motion for 
�s can be written in the form

where � and �s are the total and superfluid densities, respectively and ∇p is the pres-
sure gradient along the channel, which can be simplified as ∇p ≈ �P∕l with �P 
the pressure difference induced by compression of He II in the basin. Following a 

(2)�s
��s

�t
= −

�s

�
∇p − f,

Fig. 1   a Photograph of the chip used for measurement. Two fused silica chips with etched nanofluidic 
channels are bonded together to create the fully enclosed nanofluidic volume. b Sketch of the chip with 
dimensions, the transparent part symbolizes the volume filled with He II. The green line is the axis of 
the rotation which is perpendicular to the basin and interests it in the centre. c Photograph of the cryostat 
placed on the rotation platform
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similar derivation presented in the supplementary material of [2] and [23], �P as a 
function of a driving force F can be expressed as

where y is the displacement of the fluid inside the channels, x is the average dis-
placement of the basin walls, � the isothermal compressibility, VB = AD the volume 
of the basin with A its area and D the height of the confined volume.

The electrostatic force F applied between the basin walls must be in balance with 
the elastic stress in the basin walls and the pressure of the helium, i.e.

where kp is the effective spring constant of the substrate. Expressing the basin com-
pression x in (3) using (4), we obtain

Further, we can set �s = ẏx̂ , where x̂ is a unit vector along the channel, under an 
assumption that the flow is restricted to the channels and preferentially oriented per-
pendicularly to the plane of the channel cross-section (i.e. flow is in-plane). Using 
(5) in (2), we obtain

We write the friction force f per unit volume as a sum of two contributions

The first term fi is the intrinsic friction force originating from thermal losses in the 
basin and residual motion of the normal fluid component, detailed discussion can be 
found in [22]. Here, it is sufficient to assume this force is linearly proportional to the 
velocity fi = �s�0�s , where �0 is the intrinsic damping coefficient.

The second term fns is the mutual friction force, which describes the interaction of 
the normal fluid with quantized vortices. The force per unit length of the vortex can 
be written as [24]

where � and �′ are empirical mutual friction constants [25] and s is the spatial curve 
representing the quantized vortex line with s′ the unit tangent. This can be simpli-
fied, since �n=0, and in the thin slab geometry studied here, the vortices are unlikely 
to form intrinsically three-dimensional structures such as loops or strongly excited 
kelvin waves unless strongly forced [2]. Therefore, for our geometry s� ≈ ±ẑ ( ̂z 

(3)�P =
1

��VB

(2�Ax − 2a�sy),

(4)F = kpx + A�P,

(5)�P =
kp

�(�VBkp + 2A2)

(
2�A

kp
F − 2a�sy

)
.

(6)𝜌sÿ +
2a𝜌2

s

𝜌2

kp

l(𝜒VBkp + 2A2)
y + f ⋅

�s

|�s|
=

𝜌s

𝜌

2A

l(𝜒VBkp + 2A2)
F.

(7)f = fi + fns.

(8)f
�
ns
= �s��s

� × [s� × (�n − �s)] + �s��
�
s
� × (�n − �s),
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being the unit vector perpendicular to the plane of the flow,) where the direction of 
the circulation around the vortex gives the sign.

Further, the second term in (8) is non-dissipative since it is perpendicular to �s 
and can be omitted. This results in force per unit length of the vortex f�

ns
= �s���s 

which no longer depends on the sign of the vortex. Thus, the total mutual friction 
force per unit volume is

where L, the vortex line density, is the total length of vortices per unit volume, or, 
for the present geometry equivalently the number of vortices per unit area, and 
�(L) = ��L is a vortex-induced damping factor. In a rotating container, the super-
fluid component will mimic the solid body rotation by creating a lattice of quan-
tized vortices with average density L = 2Ω∕� , where Ω is the angular velocity of the 
rotation.

Using the total effective friction (7) in the equation of motion (6), we get an equa-
tion of a linearly damped harmonic oscillator

where 𝛾̃ is the total damping coefficient,

and �0 is the Helmholtz resonance frequency,

Assuming that the electrostatic driving force F(t) = F0e
i�t the reduced driving force 

amplitude f0 is given by

Now, we can proceed to a relation between L and an attenuation of the resonance. 
The complex response given by (10) to periodic driving at frequency � is

which describes the motion in-phase and �∕2-shifted with the driving force detected 
by a lock-in amplifier. On resonance � = �0 we consider two situations: 

1.	 Vortex-free state, L = 0 , i.e. 𝛾̃ = 𝛾0 . 

(9)�
��
= ���sL�s = �s�(L)�s,

(10)ÿ + 𝛾̃ ẏ + 𝜈2
0
y = f0e

i𝜈t,

(11)𝛾̃ = 𝛾0 + 𝛾(L) = 𝛾0 + 𝛼𝜅L,

(12)�2
0
=

2a�s

�2

kp

l(�VBkp + 2A2)
.

(13)f0 =
1

�

2A

l(�VBkp + 2A2)
F0.

(14)ỹ0(𝜈) =
f0

𝜈2
0
− 𝜈2 + i𝜈𝛾̃

,

(15)ỹV−F
0

(𝜈0) = Y0 =
f0

i𝜈0𝛾0
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2.	 Vortex state, L > 0 , i.e. 𝛾̃ = 𝛾0 + 𝛼𝜅L . 

Expressing L from (15) and (16), we arrive at

where Δ0 = �0∕2� is the vortex-free resonance width. It is thus possible to deter-
mine the number of quantized vortices in a confined system by measuring the unat-
tenuated and attenuated amplitude of the fourth sound resonance. The expression 
(17) is similar to the expression relating second sound attenuation to vortex line den-
sity [26] differing only in the prefactor. A subtle difference should be noted, how-
ever, that in the form of the mutual friction (8), it was assumed that the vortices 
move with respect to the stationary normal fluid with velocity vs . While the same 
assumption is used for the analysis of second sound attenuation [26], for the case of 
second sound, the normal fluid also moves with respect to the vortices. This results 
in the temperature dependence of the prefactor in (17) to differ as well between the 
fourth and the second sound, rather than the difference being a simple rescaling. It 
should be noted that a “vortex-free” state refers to extrinsically generated vortices, 
i.e. by turbulence or, in the present case, rotation. A population of pinned vortices 
will likely exist in the nanofluidic channel [27], contributing to the intrinsic damp-
ing �0.

3 � Experimental Results

3.1 � Experimental Setup

Fourth sound attenuation was studied using nanofluidic Helmholtz resonators (see 
Fig. 1a,b) placed inside a rotating bath cryostat (see Fig. 1c). Similar devices were 
used previously to study quasi-2D turbulence [2], superfluid phases of 3 He [28] and 
finite-size effects in superfluid 4 He [3]. The resonators consist of two amorphous 
quartz chips (7.0 mm x 9.4 mm) with etched channels bonded together to form an 
enclosed nanofluidic cavity with a height D ≈ 1.1 � m. The basin radius was 5 mm 
and the channel size 1 × 1 mm2 (see Fig. 1b). The resulting resonance frequency �0
/(2� ) at 1.25  K was measured �0∕(2�) ≈ 2943  Hz. The viscous penetration depth 
[29] of the normal component � =

√
2�∕�n� ≈ 5.9 � m, where � is the dynamic vis-

cosity and � is the angular frequency of motion, is 5 times larger than the confine-
ment D ensuring that the normal fluid is viscously clamped to the walls and the 
assumption of vn = 0 is valid.

To induce and detect the motion of the fluid, two aluminium electrodes were 
evaporated on the top and bottom walls of the basin, which form a parallel plate 
capacitor of capacitance C0 . By applying an AC voltage u(t) to the basin electrodes 

(16)ỹV
0
(𝜈0) = Y =

f0

i𝜈0(𝛾0 + 𝛼𝜅L)
.

(17)L =
2�Δ0

��

(
Y0

Y
− 1

)
,
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biased by DC voltage UB = 10  V, electrostatic force F(t) = C0UBu(t)∕D (neglect-
ing off-resonant terms) deforms the basin walls and thus creates a pressure differ-
ence between the basin and the surrounding bulk He II. The resonant motion of the 
fluid results in pressure oscillation in the basin, which deforms its walls and thus 
the capacitance of the device, which when biased by DC voltage yields the meas-
ured AC current. To suppress the background signal due to the drive, the device was 
wired in a bridge circuit, see Fig. 2a for the sketch of the circuit and refs. [2, 28, 30] 
for further details.

The device was placed on the axis of the rotating helium cryostat with the plane 
of the flow perpendicular to the rotation axis. The rotating platform could reach 
angular velocities up to 180 deg s −1 in the present experiment. The helium bath was 
cooled to 1.250 K (measured by a semiconductor resistive thermometer calibrated 
against saturated vapour pressure) by pumping on the helium vapours and the tem-
perature was stabilized to approximately 1 mK with a resistive heater controlled by 
a PID loop.

3.2 � Results

The attenuation of the fourth sound was characterized using a measurement 
sequence shown in Fig. 3. Before the measurement, the cryostat was left to rotate at 
the target angular velocity for at least one minute. With steady rotation, the Helm-
holtz mode was driven sufficiently strongly (the first red curve in Fig. 3) to show 
nonlinear dissipation due to turbulence [2]. Next, the resonant response was meas-
ured with a sufficiently weak drive to remain in the linear regime (second to fourth 
blue peaks in Fig.  3). The peak amplitude entering (17) was evaluated using the 
peaks in the linear regime.

Without the first strongly driven nonlinear peak the observed attenuation in the 
linear regime did not show any well-defined dependence on the rotation speed even 
when left under steady rotation for up to approximately 1  h. The vortices likely 

Fig. 2   a Sketch of the detection circuit. The device under study inside the cryostat is wired as one arm 
of a capacitance bridge excited by a centre-tapped transformer. The bridge is balanced using a variable 
capacitor and resistor in the second arm. The pressure oscillation of the Helmholtz mode will induce an 
oscillation of the capacitance of the device, which in turn results in an oscillating current through the 
detector. b Typical amplitude response curve. The dashed line shows the fit to (14) with the addition of a 
linear background
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pinned in the device appear to be in a metastable state with very slow relaxation to 
the equilibrium value given by the angular velocity Ω and (1), which can be annealed 
by sufficiently strong flow. Strong turbulence induced by the annealing peak is short-
lived in comparison with the time of the frequency sweep, since the peak tails fol-
low the linear behaviour as it is shown by the Lorentzian fit, see Fig. 3, and we do 
not observe any time dependence among the three linear measurement sweeps (i.e. 
there is no observable slow decay). We recall that in the derivation of (17), it was 
assumed that the vortices move with the superflow. Especially at low probe ampli-
tudes, pinning will likely play a role in the sensitivity of the fourth sound to the pres-
ence of vortices. The nature of the metastable states and their annealing and the role 
of pinning will be the subject of future experiments.

We calculated values of L using (17), where amplitudes Y0 , Y and the width Δ0 
were obtained by a fit of the data measured at 10 mVrms excitation to (14) (with 
additional linear background), for a typical fit see Fig.  2b. The parameters of the 
unattenuated peak Y0 and Δ0 were measured at zero rotation speed and averaged for 
calculation of L. Set of averaged peaks is shown in Fig. 4a. From the inset, one can 
see, that the change in the height of peaks between the steady and the rotation state is 
relatively small at the maximum approximately 1% depending on the rotation speed. 
To detect such small changes, a fourth sound resonance with a sufficiently high qual-
ity factor Q = �0∕(2�Δ0) is needed. In our case, the quality factor at 1.25 K (close 
to the base temperature of the cryostat) was Q ≈ 1060 . Further, peaks under rotation 
were slightly shifted (tenths of Hz) to higher frequencies than those in the stationary 
case. Similar, stronger, shifts of fourth sound resonance to lower frequencies were 
observed in the experiment with Al2O3 powder under rotation [19] and speculatively 
explained by an effective lengthening of the fourth sound resonance length due to 

Fig. 3   Measurement sequence showing the recorded 4th sound amplitude as a function of time while 
sweeping the drive frequency across the resonance. The first peak, red, is driven into the nonlinear 
regime and serves to “anneal” the vortex configuration (see text). The jump on the left slope of the peak 
marks the discontinuous transition turbulence [2]. The Lorentzian fit indicates the linear behaviour of 
the annealing peak tails. The following three peaks, blue, are driven in the linear regime and serve as the 
detection peaks. The inset shows detection peaks in detail against the frequency of the driving signal, 
indicating the consistency in the peak’s shape. The legend shows the resonance excitation amplitude
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quantized vortices. In our case, the shift is likely due to a slight decrease in pressure 
at the centre of the rotation, since the entire helium bath is set to rotate. A decrease 
in pressure leads to an increase in the superfluid density �s [31], which would lead to 
an increase in the resonance frequency according to (12).

The mutual friction parameter � at 1.250 K was linearly extrapolated from values 
reported by Donnelly and Barenghi [25] in the range from 1.300–1.375 K. At each 
rotation speed, we obtained at least 2 sequences shown in Fig. 3, i.e. at least six res-
onance curves for each rotation velocity. Averaged values of L are shown in Fig. 4b 
against the speed of the rotation in comparison with the theoretical relation (1).

The measured vortex line density L against the angular velocity of the cryostat 
is in reasonable agreement with the theory following the predicted linear trend. 
Values of L are in tens of vortices per mm2 . The systematic underestimation of 
the experimental data by the theory is likely either due to the fourth sound reso-
nance being already slightly nonlinear or due to the uncertain value of the mutual 
friction constant � entering (17) which needed to be extrapolated from higher 
temperatures. The outlier at 60 deg s −1 was affected by a slight temperature insta-
bility. The peak parameters entering (17) were obtained from a fit of measured 
resonance curves to (14), which yielded the parameters X and the estimate of 
their variance �2

X,fit
 (X is f or � in (14), from which Y and Δ0 are calculated). The 

resonance curves were measured several times under nominally identical condi-
tions, yielding a set of fit parameters Xi and �2

Xi,fit
 . The value of X entering the 

Fig. 4   a Typical resonant amplitude response in steady state and under the rotation, used for the calcula-
tion of L, against the frequency of the driving signal. Shown are the averages of several resonance curves 
measured at each angular velocity. In the inset, the detail of the resonance curves maximum is shown to 
emphasize the decrease in the amplitude used to calculate L using (17). The maxima of peaks are shifted 
to zero by subtracting the resonance frequency of the given peak f

0
 . b Vortex line density L against the 

angular velocity of the rotating cryostat. Blue points correspond to the measured values by the attenua-
tion of the fourth sound, red dashed line is the theoretical linear dependence given by the Feynman rule 
(1). The error bars indicate the variability of the measured amplitude on resonance (details in the text)



	 Journal of Low Temperature Physics

1 3

calculation of L was determined as the average of Xi weighted by the inverse vari-
ance 1∕�2

Xi,fit
 and the final error of the parameter was calculated as 

�2

X
= Var(X) + �2

fit
 , where the variance Var(X) is calculated form the ensemble {Xi} 

and �2

fit
= (

∑
i �

−2
Xi,fit

)−1 . The error bars of L in Fig. 4b were then calculated using 
errors of parameters �X . The error bars are conservatively increased by the statis-
tical error of the fit parameters; however, they do not appear to fully explain the 
slight systematic discrepancy from the theoretically predicted trend.

Considering that the superflow is mainly localized in the channels [2, 21, 22], 
with an area of 1 mm2 , the measured values of L indicate that the measurement is 
sensitive to as few as 20 vortices being additionally present due to rotation. How-
ever, it is necessary to emphasize that the fourth sound resonance attenuation can 
only provide information about the average value of vortex density in the studied 
area and not the spatial distribution. Nevertheless, in the current experiment, we 
were able to resolve L with the accuracy of approximately 5 vortices per mm2.

4 � Conclusion

We measured the vortex line density L in quasi-2D superfluid helium using the 
fourth sound attenuation with quantized vortices generated independently on the 
fourth sound resonance by the rotation of the cryostat. Using methods similar to 
second sound attenuation [16] L is calculated from the attenuated amplitude of the 
fourth sound resonance. We showed that measured values follow the trend given by 
the Feynman rule (1). With further improvement of the system stability (i.e. tem-
perature and mechanical vibration) and detection peak sensitivity, which can be 
improved by increasing Q either by lower temperatures or optimized flow geometry, 
single-vortex sensitivity appears within reach. The attenuation of the fourth sound 
in engineered nanofluidic structures thus presents a promising platform for studying 
vortex dynamics in quasi-2D superfluid helium ranging from few vortex clusters to 
strongly turbulent flows.
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