
Vybrané př́ıklady z diferenciálńı geometrie – prvńı fundamentálńı

forma

Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3

σ(u, v) = [σ1(u, v), σ2(u, v), σ3(u, v)].

Matice prvńı fundamentálńı formy je dána předpisem

I(u, v) = (E(u, v) F (u, v)
F (u, v) G(u, v)) ,

kde
E(u, v) = σu(u, v) ⋅ σu(u, v),
F (u, v) = σu(u, v) ⋅ σv(u, v),
G(u, v) = σv(u, v) ⋅ σv(u, v).

Plat́ı
I(u, v) = Jσ(u, v)

⊺

Jσ(u, v),

kde Jσ(u, v) je Jacobiho matice parametrizace σ. V bodě p = [u0, v0] dostáváme matici prvńı
fundamentálńı formy

I(p) = I(u0, v0) = (
E(u0, v0) F (u0, v0)
F (u0, v0) G(u0, v0)

) .

Př́ıklad 1 – výpočet matice prvńı fundamentálńı formy

Určete matici prvńı fundamentálńı formy plochy

σ(u, v) = [u cos v, u sin v, v], u, v ∈ R.

Parciálńı derivace parametrizace jsou

σu(u, v) = (cos v, sin v, 0), σv(u, v) = (−u sin v, u cos v, 1).

Proto
E(u, v) = σu(u, v) ⋅ σu(u, v) = cos2 v + sin2 v = 1,
F (u, v) = σu(u, v) ⋅ σv(u, v) = cos v(−u sin v) + sin v(u cos v) + 0 = 0,
G(u, v) = σv(u, v) ⋅ σv(u, v) = u2 sin2 v + u2 cos2 v + 1 = u2 + 1.

Matice prvńı fundamentálńı formy je

I(u, v) = (1 0
0 u2 + 1) .
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Př́ıklad 2 – výpočet matice prvńı fundamentálńı formy v bodě

Určete matici prvńı fundamentálńı formy plochy

σ(u, v) = [u, v, u2 + uv], u, v ∈ R

v bodě p = [1,2].

Parciálńı derivace parametrizace jsou

σu(u, v) = (1, 0, 2u + v), σv(u, v) = (0, 1, u).

V bodě p = [1,2] dostáváme

σu(p) = (1, 0, 4), σv(p) = (0, 1, 1).

Proto
E(p) = σu(p) ⋅ σu(p) = 12 + 02 + 42 = 17,
F (p) = σu(p) ⋅ σv(p) = 0 + 0 + 4 = 4,
G(p) = σv(p) ⋅ σv(p) = 02 + 12 + 12 = 2.

Matice prvńı fundamentálńı formy v bodě p je

I(p) = (17 4
4 2

) .

Př́ıklad 3 – výpočet matice prvńı fundamentálńı formy v bodě

Určete matici prvńı fundamentálńı formy plochy

σ(u, v) = [u cos v, u sin v, ev], u, v ∈ R

v bodě p = [2,0].

Parciálńı derivace parametrizace jsou

σu(u, v) = (cos v, sin v, 0), σv(u, v) = (−u sin v, u cos v, ev).

V bodě p = [2,0] dostáváme

σu(p) = (1, 0, 0), σv(p) = (0, 2, 1).

Proto
E(p) = σu(p) ⋅ σu(p) = 12 + 02 + 02 = 1,
F (p) = σu(p) ⋅ σv(p) = 0 + 0 + 0 = 0,
G(p) = σv(p) ⋅ σv(p) = 02 + 22 + 12 = 5.

Matice prvńı fundamentálńı formy v bodě p je

I(p) = (1 0
0 5
) .
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Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3 a bod p = [u0, v0] ∈ U .
Nechť u = (a, b),v = (c, d) ∈ TpU ≃ R2 jsou dva tečné vektory v parametrové rovině.
Jejich skalárńı součin v tečné rovině k ploše v bodě p = σ(p) je dán pomoćı matice prvńı funda-
mentálńı formy:

⟨u,v⟩p = uT I(p)v = (a b)(E F
F G

)(c
d
) .

Př́ıklad 4 – výpočet úhlu dvou tečných vektor̊u pomoćı matice prvńı
fundamentálńı formy

Je dána matice prvńı fundamentálńı formy

I(p) = (5 1
1 2
)

v bodě p a dva tečné vektory v parametrové rovině

u = (1,1), v = (2,−1).

Určete úhel vektor̊u u,v ∈ TpS v bodě p = σ(p).

Dostáváme

u ⋅ v = (1 1)(5 1
1 2
)( 2−1) = (1 1)(9

0
) = 9,

∥u∥2 = (1 1)(5 1
1 2
)(1

1
) = (1 1)(6

3
) = 9,

∥v∥2 = (2 −1)(5 1
1 2
)( 2−1) = (2 −1)(9

0
) = 18.

Pro úhel φ vektor̊u u,v plat́ı

cosφ = u ⋅ v
∥u∥ ∥v∥ =

9

3 ⋅ 3
√
2
= 1√

2
⇒ φ = π

4
.

Př́ıklad 5 – výpočet úhlu dvou křivek na ploše ve společném pr̊useč́ıku

Je dána matice prvńı fundamentálńı formy

I(u, v) = (1 0
0 1 + u2) .

Dále jsou v lokálńıch souřadnićıch zadány dvě křivky

γ1(t) = [1 + t, 2 + t], γ2(s) = [1 + s, 2 − s], s, t ∈ R.

Určete úhel křivek γ1 a γ2 na ploše v jejich společném pr̊useč́ıku.

Nejprve urč́ıme pr̊useč́ık obou křivek. Muśı platit

[1 + t, 2 + t] = [1 + s, 2 − s].
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Odtud dostáváme soustavu
1 + t = 1 + s, 2 + t = 2 − s,

tedy
t = s, t = −s.

Proto
t = 0, s = 0.

Obě křivky se tedy prot́ınaj́ı v bodě

p = γ1(0) = γ2(0) = [1,2].

V tomto bodě je matice prvńı fundamentálńı formy

I(p) = I(1,2) = (1 0
0 2
) .

Tečné vektory k oběma křivkám v parametrové rovině jsou

u = γ′1(0) = (1,1), v = γ′2(0) = (1,−1).

Dostáváme

u ⋅ v = (1 1)(1 0
0 2
)( 1−1) = (1 1)( 1−2) = −1,

∥u∥2 = (1 1)(1 0
0 2
)(1

1
) = (1 1)(1

2
) = 3,

∥v∥2 = (1 −1)(1 0
0 2
)( 1−1) = (1 −1)( 1−2) = 3.

Pro úhel φ obou křivek v pr̊useč́ıku plat́ı

cosφ = u ⋅ v
∥u∥ ∥v∥ =

−1√
3
√
3
= −1

3
.

Odtud

φ = arccos(−1
3
) .
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Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3 a křivku v lokálńıch souřadnićıch

γ(t) = [u(t), v(t)], t ∈ I.

Délka křivky γ(t) = σ(γ(t)) na ploše S = σ(U) je dána vztahem

L = ∫
I
∥γ′(t)∥dt = ∫

I

√
γ′(t)T I(u(t), v(t))γ′(t)dt.

Př́ıklad 6 – výpočet délky křivky na ploše

Určete délku křivky
γ(t) = [t,0], t ∈ ⟨0,1⟩,

na ploše s matićı prvńı fundamentálńı formy

I(u, v) = (1 + v
2 uv

uv 1 + u2) .

Plat́ı
γ′(t) = (1,0).

Po dosazeńı u(t) = t, v(t) = 0 dostáváme

I(u(t), v(t)) = I(t,0) = (1 0
0 1 + t2) .

Délka křivky je

L = ∫
1

0

¿
ÁÁÀ(1 0)(1 0

0 1 + t2)(
1
0
)dt = ∫

1

0

√
1dt = ∫

1

0
1dt = 1.

Př́ıklad 7 – výpočet délky křivky na ploše

Určete délku křivky
γ(t) = [t, t], t ∈ ⟨0,1⟩,

na ploše s matićı prvńı fundamentálńı formy

I(u, v) = (e
2u 0
0 e2u

) .

Plat́ı
γ′(t) = (1,1).

Po dosazeńı u(t) = t, v(t) = t dostáváme

I(u(t), v(t)) = I(t, t) = (e
2t 0
0 e2t

) .

Délka křivky je

L = ∫
1

0

¿
ÁÁÀ(1 1)(e

2t 0
0 e2t

)(1
1
)dt = ∫

1

0

√
2e2t dt =

√
2∫

1

0
et dt =

√
2(e − 1).

5



Př́ıklad 8 – výpočet délky křivky na ploše

Určete délku křivky
γ(t) = [t, e−t], t ∈ ⟨0,1⟩,

na ploše s matićı prvńı fundamentálńı formy

I(u, v) = (1 0
0 e2u

) .

Plat́ı
γ′(t) = (1,−e−t).

Po dosazeńı u(t) = t, v(t) = e−t dostáváme

I(u(t), v(t)) = I(t, e−t) = (1 0
0 e2t

) .

Délka křivky je

L = ∫
1

0

¿
ÁÁÀ(1 −e−t)(1 0

0 e2t
)( 1
−e−t)dt = ∫

1

0

√
2dt =

√
2.
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Uvažujme parametrickou plochu σ ∶ U ⊂ R2 → R3 a oblast Ω ⊂ U v parametrové rovině.
Obsah části plochy

SΩ = σ(Ω)

je dán vztahem

A =∬
Ω

√
det I(u, v)dudv.

Př́ıklad 9 – výpočet obsahu plochy

Určete obsah části plochy
σ(u, v) = [u, v, u + v]

nad oblast́ı
Ω = [0,1] × [0,2].

Parciálńı derivace jsou
σu(u, v) = (1, 0, 1), σv(u, v) = (0, 1, 1).

Proto
E(u, v) = σu(u, v) ⋅ σu(u, v) = 12 + 02 + 12 = 2,
F (u, v) = σu(u, v) ⋅ σv(u, v) = 1 ⋅ 0 + 0 ⋅ 1 + 1 ⋅ 1 = 1,
G(u, v) = σv(u, v) ⋅ σv(u, v) = 02 + 12 + 12 = 2.

Matice prvńı fundamentálńı formy je

I(u, v) = (2 1
1 2
) .

Jej́ı determinant je
det I(u, v) = 2 ⋅ 2 − 1 ⋅ 1 = 3.

Obsah plochy je

A = ∫
1

0
∫

2

0

√
det I(u, v)dv du = ∫

1

0
∫

2

0

√
3dv du.

Tedy

A =
√
3∫

1

0
∫

2

0
1dv du =

√
3∫

1

0
2du = 2

√
3.

Obsah dané části plochy je tedy
A = 2

√
3.

Poznamenejme, že se jedná o část roviny. Obsah lze proto spoč́ıtat také jako obsah rovnoběžńıku
určeného vektory

σu = (1,0,1), σv = (0,1,1).

Plat́ı
σu × σv = (−1,−1,1), ∥σu × σv∥ =

√
3.

Obsah rovnoběžńıku nad jednotkovým čtvercem je tedy
√
3, a nad oblast́ı Ω dostáváme

A = 2
√
3.

7



Př́ıklad 10 – výpočet obsahu plochy

Určete obsah části plochy
σ(u, v) = [u, v, uv]

nad oblast́ı
Ω = {(u, v) ∈ R2; u ≥ 0, v ≥ 0, u2 + v2 ≤ 1}.

Parciálńı derivace jsou
σu(u, v) = (1, 0, v), σv(u, v) = (0, 1, u).

Proto
E(u, v) = σu(u, v) ⋅ σu(u, v) = 1 + v2,
F (u, v) = σu(u, v) ⋅ σv(u, v) = uv,
G(u, v) = σv(u, v) ⋅ σv(u, v) = 1 + u2.

Matice prvńı fundamentálńı formy je

I(u, v) = (1 + v
2 uv

uv 1 + u2) .

Jej́ı determinant je
det I(u, v) = (1 + v2)(1 + u2) − u2v2 = 1 + u2 + v2.

Obsah plochy je

A =∬
Ω

√
1 + u2 + v2 dudv.

Přejdeme k polárńım souřadnićım

u = r cosφ, v = r sinφ, 0 ≤ r ≤ 1, 0 ≤ φ ≤ π

2
.

Potom

A = ∫
π/2

0
∫

1

0

√
1 + r2 r dr dφ.

Použijeme substituci
x = 1 + r2, dx = 2r dr.

Dostáváme

∫
1

0
r
√
1 + r2 dr = 1

2
∫

2

1

√
xdx = 1

2
⋅ 2
3
[x3/2]

2

1
= 1

3
(2
√
2 − 1) .

Proto

A = ∫
π/2

0

1

3
(2
√
2 − 1) dφ = π

6
(2
√
2 − 1) .

Obsah dané části plochy je tedy

A = π

6
(2
√
2 − 1) .
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