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 9?9? @/#/A,-, )B%$4" C$D "#3"+E 3+"4)F$#,

@+"-$4G  !"#$% &'(%)*+ ,%-. /%*$)0*)*1 '(%)*%$)2 m 30-04151 6 78062)09*1(

3%"2 ,#: %-3%8; 38%$)<#-1 &3%'=, H$ 4'B+E I+/H0)/J(,." 3"%$ K$'B.>

K*1"( 6D*1"(0)"4)<G ?#@)%*A6 3%'=,%6+ :B/%* &8%6*%6B'0 $2".>

L%"H(, M"+'E%/-$G

• N"1*%(,C D/0(E2)B :(!*0 '=,*%$)2 4# 6 /0E-F( %/0(E2/; t 8%6*0

3A$%,151 $1"# &)1:# )!"#$0.>

• O%"C*%(,C G /0E-F( 90$%6F( H$#/; 〈t1, t2〉 ⊂ 〈0, T 〉 4# :(!*0 '=,*%$)2
H(!8*B :(!*! 90$;>

!/)$'/)0-1P H&A*#F$(,G

&I>J>J. m
dv(t)

dt
︸ ︷︷ ︸

$#)8609*B $1"0

= m g
︸︷︷︸

)1'%6B $1"0

, t ∈ 〈0, T 〉
︸ ︷︷ ︸

90$ 3A$%,#*1 $1"=

,

v = v(t) 4# 8=5'"%$) 30-04151'% )!"#$0>

&I>J>I. m[v(t2)− v(t1)] = m g[t2 − t1], ∀〈t1, t2〉 ⊂ 〈0, T 〉.

 9?9 @/#/A,-, )B%$4" 4 "#3"+$' 3+"4)F$#,

@+"-$4G K0-04151 )!"#$% /%*$)0*)*1 '(%)*%$)2 m 6 78062)09*1( 3%"2 $ %-3%8#(

38%$)<#-1 H(!8*F( 8=5'"%$)2 30-04151'% )!"#$0>

K*1"( 6D*1"(0)"4)<G ?#@)%*A6 3%'=,%6+ :B/%*>

L%"H(, M"+'E%/-$G

• N"1*%(,C D/0(E2)B :(!*0 '=,*%$)2 4# 6 /0E-F( %/0(E2/; t 8%6*0

3A$%,151 $1"# &)1:# )!"#$0 :(#*L#*F % ,8:-151 $1";.>

• O%"C*%(,C G /0E-F( 90$%6F( H$#/; 〈t1, t2〉 ⊂ 〈0, T 〉 4# :(!*0 '=,*%$)2
8%6*0 :(!*! $1"= *0 )%()% H$#/;>

!/)$'/)0-1P H&A*#F$(,G



 !" #$%&'()* )*+(,-.&/.0 123.456 789!  ::;< =;

 !"#"$% m
dv(t)

dt
= m g − k v(t), t ∈ 〈0, T 〉,

&'( k )( &*(+,-(./ *'0*12 01*3/4('5"

 !"#"6% m[v(t2)− v(t1)] = m g[t2 − t1]− k

∫ t2

t1

v(t) dt, ∀〈t1, t2〉 ⊂ 〈0, T 〉.

 !"!> #30*?@A%.% 54 BC'453

#23.45D 789(3* 01*:8..; <:*/.*3/- m = m(t) 0*<=>2)5,5 3( ?( 3:812 0@3*>5,5

359= F (t)  /AB.; 359=%"

EF&3+ 7GF&3+-B35B<D C(D/*.@? 0*<=>*?E FG&*."

H(B4,(B-.&I J*AF)$4+%D

d

dt
(m(t) v(t)) = F (t), t ∈ 〈0, T 〉.

.(>*

m(t2)v(t2)−m(t1)v(t1) =

∫ t2

t1

F (t) dt, ∀〈t1, t2〉 ⊂ 〈0, T 〉.

E3?4.+C+%D 3-9*?; 0*9( )( 'G.* ?(&/*1*?*2 H2.&,5 F(t), <=>.*3/ p(t) = m(t)v(t)
)( /A&; ?(&/*1*?G H2.&,("

• I9*>G9.5 /?A1 FG&*.A <=>.*3/-J <=>.*3/ ? *&A:B-&2 t2 )( 1*?.A <=>.*3/- ?

*&A:B-&2 t1 F?8/K(.G * -:0293 359= F(t) .A -./(1?A92 〈t1, t2〉.

H(B4,(B-.&I J*AF)$4+%D

 !"#"L% p(t2) = p(t1) +

∫ t2

t1

F(t) dt, ∀〈t1, t2〉 ⊂ 〈0, T 〉.

• M*&G9.5 /?A1 FG&*.A  )( '@39('&(: 30*)-/*3/- H2.&,( F (t)%J

 !"#"N%

dp(t)

dt
= F(t) ∀t ∈ 〈0, T 〉.

K4)+3B&* ( 23G,C2D

[F] =C= &O ·: · 3−2, [
∫ t2

t1
F(t) dt] =C·3 = &O ·: · 3−1,

[p] =C·3 = &O ·: · 3−1, [ dp
dt

] =C"



 !" #$%&'()* )*+(,-.&/.0 123.456 789!  ::;< =>

 !"!= ?'4&@2-.&/ 123A) B CD E 3FB3)A

#23.45G  !"#$%&'#( )%*+, -."!"#$%&'#/ )%*+,012.3 4 $546 CDE3FB3)A 474*!81(

5,%*9": ;8<*40 )%*:011/=* 18)0$2 -*>%6 ?@36

HI&3+ 7JI&3+-@35@<G A&%'==*BC4 5D#*1 18)0E*4/ >&!81'"6

K'3B+% L32,A'(.4G F*+;"$ 18)0$2 4 #8G,/: ;8<*4/: *#8:G&#+ t 18 9",1*$!&4('=

;D<$"'= *>4*,+ 9" %*4"1 18)0$2 18 <4*%#D'= 5,%*9"6

M(@4,(@-.&N B*OI)$4+%G

-H6?6@3 L
di(t)

dt
+ R i(t) = u(t), t ∈ 〈0, T 〉,

#," i(t) 9" "!"#$%&'#( )%*+,I i(t) = dq(t)
dt

, q(t) =
∫ t

0
i(τ) dτ,

Jq(t) 9" =+<$*$8 1D>*9" 4 *#8:G&#+ t -:1*G<$42 1D>*9" )%*$"#!/=* 4*,&;": 58

9",1*$#+ ;8<+36

P4)+3@&* ( 23J,Q2G

[i] = K, [R] = Ω = L · K−1,

[q] = M = K · <, [L] = L · K−1 · <,

[u] =L= N · M−1 =O·: · M−1.

P>%6 ?@6

 !"!R ?'4&@2-.&/ 123A) B CDS E 3FB3)A

#23.45G  !"#$%&'#( )%*+, 4 $546 CDSE3FB3)A 474*!81( 5,%*9": 18)0$2 u(t)
-*>%6 ?Q36
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 !"# $%#

?@&3+ 7A@&3+-B35B<C &'"())*+,- ./0*1 12345*-6 !'721(8#

D(B4,(B-.&E F*G@)$4+%C

9:#$#%; L
di(t)

dt
+ R i(t) +

1

C

∫ t

0

i(τ) dτ

︸ ︷︷ ︸
q(t)
C

= u(t), t ∈ 〈0, T 〉.

 !"!; #31H'(I+% )*+(,-&(

 !"#$%&' "*.<=>=8 ?0<3'1< @'-A() *"B21'?=, C8D1*)* !'*7*B'(06)* D"<)<#

E>(8 3*3<72(> ",.1A() D"<), ?8 12.A-/ ()!$!*)&+, -"!$./.0-12'#

F"-1> =*D87 -A-*C8 3*GH< C8D'1(, - 3*3<72(' C8D1*)* D"<)< -IH-*J'7 21B7'(0A

80*1*= K27H)<? 9$LMMN$%OP; 2 H81H* =*D87 ?8 12.A-/ 3%$14#-52 "!"#$%/0' 67+!0#

K27H)<?,- =*D87 3J8D3*07/D/ 8Q3*181('/71> ",?H 3*3<72(8# R* 181>

"827'?H'(06# S'@ *D $T# ?H*78H> ?8 3*3<72G1> =*D87I .3J8?U*-27I 9123J# E8")<7?HV

$%PW;#

#23.45C EA-*C 9",?H; =1*@?H-> !'*7*B'(0A() C8D'1(, C8D1*)* D"<)< - 14C206

*!72?H'#

?@&3+ 7A@&3+-B35B<C F*3<72G1> ./0*1 ",?H< 3"* G4)+H 131H'(.- ? <"G'HA=

HI38= "*.=1*@*-/1>#

J'3F+% K32,H'(.4C  02=@'HA 3J>",?H80 9X!IH80; 3*3<72(8 ./-'?> 12 3*GH< C8D'1(,

93/", ?()*31A() "*.=1*@*-/1>; 2 12 ='B"2('#

D(B4,(B-.&E F*G@)$4+%C

9:#$#T;

dN(t)

dt
= a N + M(t), t ∈ 〈0, T 〉,
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 !" a #"  $%&'(%'%) *$*+,(-%)  $"./0"%'1 2+&'$'( *$*+,(/" N(t) $3%(-+#" *45674%$+

&'8"!%)  $%/"%'4(/0 *$*+,(/" 9 +9(:$9(%;6 *4$&'$4+ 9 $ (6:0 + t, M(t) #"

60<4(-%) =+% /">

?@"/%; @0,(%-%) 1$4)13&'()* $ 367%A/2 2+&'$'B *$*+,(/" &" %(3C9(#)  !"#$%

&#&'()*$+ ,%$)-."%>

D8"!*$ ,A!A6"E,0 '( ; *4$&'$4$9; 4$3,$:"%) *$*+,(/"1 *$'$6 $3%(-+#"6" N(x, t)
*$-"' *$*+,(-%)/2 #"!0%/5 9 #"!%$'/" $@#"6+ 9 $ (6:0 + t F  $,"6 @$!+ x 9

$ (6:0 + tG>

H%'"<4A,

N(ΩB, t) = N(t) =

∫

ΩB

N(x, t) dx

$3%(-+#" *$-"' #"!0%/5 9 $@,(&'0 9 $ (6:0 + t>

I+!"6" *8"!*$ ,A!(' &'(%!(4!%) &,$:"%) *$*+,(/" 3 2,"!0& ( 4$36%$:$9A%) (

%($*( %"@+!"6" !$ J9(2 3(24%$9(' 3*$:K$9(/) "=" 'B L'72$'"%&'9)1 !$&*)9A%)1

,(49A,%) &'(!0+6M> N( 3A ,(!7 *$3$4$9A%) &" !$6%)9A6"1 :" 367%( 2+&'$'B

*$*+,(/" 9  (:!;6 -(&$9;6 J&" + 〈t1, t2〉 #" 4$9%( /", $9;6+ *8)45&' + LJ@B' +M

2+&'$'B *$*+,(/" %( '$6'$ J&" +> O"%'$ *8)45&'" ,3" 9B#A!80' 0%'"<4A,"6

t2∫

t1

[M(t) + rN(t)] dt,

9 %76:

t2∫

t1

M(t) dt #" /", $9A 60<4(/" 9 〈t1, t2〉 LM #" '39> 60<4(-%) 2+&'$'(M (

t2∫

t1

rN(t) dt #" 367%( 9B9$,(%A 34$3"%)6 ( J64')6> P$"./0"%' r > 0 3A90&) $@"/%7

%( N 1 '#> r = r(N(t)) ( +4-+#" '39> /0()1.2$+ 2.1)(.1' *$*+,(/" L*$4$!%$&' 60%+&

J64'%$&'M ( #" !".%$9A% *$674"6

dN
dt

N
> Q,$@A,%) '9(4 3A $%( *( 3(*)R"6" 9"

'9(4+

LS>T>TUM N(t2)−N(t1) =

t2∫

t1

[M(t) + rN(t)] dt, ∀ 〈t1, t2〉 ⊂ 〈0, T 〉.

V"E,0 M + rN &*$#0'A =+% /"1 *( ,060'%)6 !5&,"! "6 LS>T>TUM *4$ t1 → t, t2 → t,

#" (#"!($+ 12)/ &#&'()*$+3#  !"#$)

LS>T>TTM

dN(t)

dt
= rN(t) + M(t),

*,('%;2$ 9  (:!;6 $ (6:0 + t ∈ (0, T ) 9BR"'8$9(%;2$ $@!$@) 〈0, T 〉>
W$3!), LS>T>TTM $! LS>T>XM &*$-)9A 9 '$61 :" r = r(N(t)) #" $@"/%7 =+% /"

2+&'$'B N. Y6)%7%C Z"42+,&' *8"!*$ ,A!(,1 :" r #" ,0%"A4%)  ,"&(#)/) =+% /) *4$67%%;
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N  ! "#$% &'&(% )!* +',-./,!0 ", 0" #(

12343425 r(N) = a

(

1− N

K

)

,

+6, a > 0, K > 0. 7#' K → +∞ &8,.$9:* ;,#$(%<0=" >'6,% " ? %0$(<=" >'6,%3

@',-./,!0 K >9 0,6A "B:! > + & ./0A &#'<08,6*C .$ # +0,#/:(D*.* E&8*"F0/"'<0G

&#'<08,6* &#' #':>!'H'"9!*C +',-./,!0 a >9 "B:! > +',-./,!0( &'#'6!'<0/3

; ! I* 0,#>/!'%'J// ? %0$(< &8,6&'+%96 %C H, &'&(% )!* +',-./,!0 r D, #'",!

+% 6!K>( )*<%(  !,(" H'" % >/J# ./C 0D3

M(t) = 0.

LA! >/+ &'&(% ., D, & + &'&<9! M(!+.* N = N(t)C +0,#9 D, 8,I,!*> &')90,)!*

N%'$A

123434O5

dN

dt
= aN, N(t0) = N0, t ≥ t0.

P +H,

N(t) = N0e
a(t−t0)

 :! >,!9 0'C H, : (",6,!B.$ &8,6&'+% 6= 10D3 #,% 0/"!* ) <'"9 :>F! $(<0'0A N

D, &8*>' N>F#!9 $(<0'0F N5 &'&(% ., #'<0, (N0 > 0) ,Q&'!,!./9%!F3 R,<&#9"!F

<, 8*+9C H, &'&(% ., #'<0, EJ,'>,0#/.+'( 8 6'(G3 78,6&'+% 6 +'!<0 !0!'<0/ &'&(S

% )!*$' +',-./,!0( "I + 0 +K :! >,!9C H, !,,Q/<0(D* '>,:(D*.* )/ #,J(% )!* M +0'#A

&'#'6!'<0/3 7#'0'H, TA%' 08,T (" H'" 0 #,J(% )!* >,.$ !/:>A 1:&F0!9 " :T 5  

0' "!/08!* 1 6 &0 ., '#J !/<>(5 )/ "!FDI* 1'>,:,!'<0 :6#'D= &'0# "AC + & ./0 

&#'<08,6*5C TA%' #':(>!K $%,6 0 "F#'$'6!FDI* 0" # +',-./,!0( r = r(N), !,H

! "#$% ;,#$(%<03

LA! >/+ &'&(% ., D, &'6%, ;,#$(%<0'" >'6,%( &'&<9! 0 +'"'( M(!+.*

N = N(t)C +0,#9 D, 8,I,!*> &')90,)!* N%'$A

123434U5

dN

dt
= a(1− N

K
)N + M(t), N(t0) = N0, t ≥ 0.

V%,>,!09#!*>/ >,0'6 >/ %:, <0 !'"/0 8,I,!* 0K0' &')90,)!* N%'$A 1+% 6,>,

t0 = 0, M(t) ≡ 0) ", 0" #(

N(t) =
KN0e

at

N0eat + K −N0

, t ≥ 0.

L'&'#()(D,>, "AI,08/0 &#=TF$ M(!+., N = N(t) &#' #=:!K $'6!'0A K, N0, a.

>3)4'* -+?42(@AB%.%.0 131A'(.%
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 !"#$%&! '($#)*"+, -./!$ 01. 2!/3* 0.0*$(4% (/(0#*2!-! 3( "%#*(4% )>3?

131?'(.% " )*"#.#(-% N(t), M(t)5 $6! $.78$39 0./.:* 0;9"$*<3=). 687.3( 0"8#

'($#)*".,( #>0* ,! #,(1*

?@ABABCD

dM(t)

dt
= aM(t) + bN(t)M(t)

dN(t)

dt
= cN(t) + dN(t)M(t),

7/! a, b, c, d 2".* 7.3"#(3#>5 2!2%4)& 63(-=37( *1E*29 4)(1(7#!1 ,6#()* .:.* 0.0*$(49F

'./!$ $.,!4G7.;%"#F a > 0, b < 0, c < 0, d > 0, N... $.,!4H M AAA7.;%"#A

'./!$ ".*#I&!39F a > 0, b < 0, c > 0, d < 0H
'./!$ ">-:%.6>F a > 0, b > 0, c > 0, d > 0A
J.*E%3.,K E$!3 N(t)M(t) ./18&9 3(0;A ,$%, 0.E#* "#;!#+ .:.* 0.0*$(49 ?(7#+

$.,*D 3( />3(-%7* 7(&/= 0.0*$(4!A L.0.1*E*2!-! E#!38;% ,><!#;%# 01+:I)> M*3749

N = N(t), M = M(t) ( 0;!/!,<9- 7;%,7> ,! M86.,= 1.,%3I *1E!3.* 0(1(-!#1%47>

*,!/!3K-% M*374!-%A

N(&/K -./!$ ./18&9 0.0%".,(3.* "7*#!E3."# , 68,%"$."#% 3( ,>"$.,!3K4) ?( E("#.

% 3!,>"$.,!3K4)D 0;!/0.7$(/!4)A

O!1)*$"#.,( ,(1%(3#( -./!$* ?@ABABCD -8 #,(1

?@ABABPD

dM

dt
= M

[

a

(

1− M

K

)

− bN

N + c

]

,

dN

dt
= N

[

d

(

1− hN

M

)]

,

7/! a, K, b, c, d, h 2".* 7$(/3= 7.3"#(3#>A

 !"!@ #23)?&A+% 123.45 73B.03)+% B-'(+.4<

#23.45C Q:4)./39 :%$(34! ?01./*7E39 ?$.R%"#%478D :%$(34!D

DE&3+ 7FE&3+-G35G<C S87.3 1+"#* 01./*74! ?"0.#;!:>DA

H'3>+% I32,?'(.4C T.78$39 ?E(".,8D 6-I3( 01./*74! 2! UV-I138W 4!$7.,=

01./*74%A

J(G4,(G-.&K >*LE)$4+%C

dp(t)

dt
= r(t) p(t), t ∈ 〈0, T 〉,

7/! r(t) > 0 2! 01./*7E39 7.!X4%!3#5 p(t) 2! 01./*7E39 M*374!A

D3B4.+M+%C r = r(p(t)).
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 !7!8 9:%#';$<=./ 0$%,)<5 *>#)?'

 !"#$% & '(%$)*#+, % )#'"%)! R -. & %/0-12/3 t0 )#'"%)3 T (t0). 4(% t > t0 $#

)#'"%)0 )!"#$0 -!5, & 6.&2$"%$)2 50 %/%"5, )#'"%)!7 )89 )#'"%): $# &:(%&5.&08,9

@A$:)?B ;<="06%&.5, >%=*#&? )!"#$09

C=D$. 0;=D$.E*$?*5B @#A)%5B& 6./%5 %<="06%&.5,9 C'#<2."5, '*,'0+ #5#(D#)2</E

F2"05<# >)#'#"5E F2"05<#?9

F#$<./ G$A(H#':)B ;/0-12). G0$%&. 6-!50 )#'"%): 8# HI-!(5.J (%6+,"3 )#'"%):

&5! 0 3&52)* )!"#$09

I'*)('*E:DJ <&K=+,)./B

dT (t)

dt
= −k(T (t)−R), t ∈ 〈0, T 〉,

T (t0) = T0,

/+# T (t) 8# )#'"%)0 )!"#$0 & G0$# t, k > 0 8# +05K )#'"%)5, /%#L<2#5) <=0(0/M
)#(2638,<, )#'#"5E &"0$)5%$)2 )!"#$0 0 %/%",7 R 8# )#'"%)0 %/%",7 T0 8# '%G.)#G5,

)#'"%)09

@$;.=(D'B @#"6#M"2 '*#+'%/".+0)7 1# )#'"%)0 )!"#$0 8# & /01+E- -,$)! $)#85.7

-3$,-# +#L5%&0)

T (t) =

∫

ΩB

T (x, t) dx,

/+# N35/<# T (x, t) 3(G38# (%6"%1#5, )#'"%): & G0$# 2 '(%$)%(3 x ∈ ΩB 0

25)#('(#)38# 82 80/% )#'"%)3 & -,$)! x 0 & %/0-12/3 t.

 !7!L M%)(E:D= A)'D:) N +$O#.E*

 ! "#$%& ' ()*$+& ,)-)./

 ! !7 P&.'(E:DJ ;=D$.& ' +EG)A).:E=#./ A$<.$?*E

O 3&#+#5K<= '*,/"0+B 8$-# &2+!"27 1# +:50-2</K 6./%5 -. %F&:/"# )&0(

A$<.$?*E7 & 5,1 $# &:$/:)38# $)0&%&. N35/<# 0 8#8, +#(2&0<#9

O./%5: 0 6./%52)%$)2 $)3+38#-# '*#+#&P,- '(%)%7 0F:<=%- -%="2 O,)+O$<>+>*

G0$%&K &K&%8 '(%<#$37 )89 HAQE* $)0& $:$)E-3 & 5!80/E- F3+%3<,- G0$#7 65.-#M"2

$)0& 50 '%G.)/39

Q3$,-# '(%)% N%(-3"%&0) R#$%H ):'3R

@08+2 $)0&%&%3 N35/<2 y = y(t)7 t ∈ 〈0, T 〉7 /)#(. $'"S38# +05K 6./%5 )&0(3
+2N#(#5<2."5, (%&5%$)29
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 !"!# "$"! %&!'$ ()*+,-#. +89):).;8<#./ :$=.8;) /"01 2$(345!(-&(6 7!,(54.

8 9.75,)4.#5 (.*(-#: 8"),!,: 2$(34.;1 < 952.7.(45-&(6 7!,(545 '!,!=6#. ".'9>?

,>8"$@$0.A&5 (.*(-#- 2$(34. , 9.75,)451

>,/?#'+B C'4.#. 8")(!,5" 7>4'&!8" v = v(t) @)9)0646'! "D&.8) E.* !9@!7$ @7!8"=.96
* F1G1G1

 !H)9),.3 *-3!()

m
dv(t)

dt
= m g,

8. 8"-,- 952.7.(45-&(6 7!,(546

dv

dt
= g, (g 0. 9)(- /*(-#-; 3!(8")(");?

@7! (.*(-#!$ 2$(345 v = v(t). I$"! 2$(345 &*. ,>@!J6")" @=6#+# 5(".K7!,-(6#

7!,(!8"5 v̇(t) = g @=.8 5(".7,)& 〈t0, t〉,
∫ t

t0

v̇(τ) dτ =

∫ t

t0

g dτ.

<E97H6#.

v(t)− v(t0) = g(t− t0).

L+8&.9.3 *)@6M.#. ,. ",)7$

v(t) = gt + C, C = v(t0)− g t0.

2.*):@:)*';) =AB#)+?CB  !3$9 J68&) t0, v(t0) (.08!$ 9-() /*(-#);? @)3 =.M.(6#

<E71 GN1

9)(: 952.7.(45-&(6 7!,(54. 0. 8>8":# &5(.-7(64' 2$(346 /,5* !E71 GN;1  !3$9 v(t0)
0. 9-(! J68&.# v0, "01 , J)8. t0 @!H)9$0.#. 8@&(D(6 @!9#6(3>

v(t0) = v0,
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 !"#$ %&'("&$) *" + , '(*- . t0 %'/&" !01"2, 3'4'! 2 5.401"&,.6 3,/$!"/&7

#89:1,2!7 v0. ;,!,( #89:1,2! 3#, t > t0 #,2!" 2 /'2"( 3,41" <.& 9"

v(t) = v0 + g(t− t0), g > 0.

 ! ! "#$%& 89$ +:;)9).<:=#./ 9$>.:<) ?! ,=+@

=" 4$& +>#'% f(t, y, u) ' /721' y0 ∈ R, t0 ∈ I.

"#$%' &'?7! <.& 9- y = y(t),  !"#$ 231@.?"

5'6 #,+&,2!

5ABABC6

dy(t)

dt
= f(t, y(t), u(t)), ∀t ∈ I,

5D6 3,/$!"/&7 3,4(7& .

5ABABA6 y(t0) = y0

2" &'%>+$  !"#$%"&' ()!*+ ' <.& 9" y = y(t) 2" 3' &'%>+$ ,%-%&'  !"#$%"&'

()!*. B

A$B.=(C' E,#(.1'9" ?' F ,1-+ G1,:8 23,/7+$ + !,() *" 2- .?'2@.?"(") 9, ?"

4$&, ' 9, 2" :1"4$B

E,#(.1.?(" &'3H7 1'4 !.!, ?"4&,4.9:,. ()!*/ ,'0%&' I

=" 4$&' <.& 9" f(t) t ∈ 〈0, T 〉, 48&'(-9 > %$ ,& '  ,&9,+> 2!'+ y(T ).
D9E:* ;@.C<: ,/B)./ u = u(t) ' 8$E=*)E./ F*'> y0 !' ) 'D8 31'!-1,

5ABABJ6

dy(t)

dt
= f(t, y(t), u(t)), ∀t ∈ 〈0, T 〉,

y(0) = y0.

K&'("&$ !,) *" 9:9"(" .#/-! !' ,+F H7%"&7 ' !' ,+> 3,/$!"/&7 2!'+) %"  !"#F:, ?"

48&'(-9 > 282!F( 3H"+"4"& 4, 4'&F:, 971"B L8!, G1,:8 ?2,. ,+M"( 21,*-!0?M7) &"*

G1,:8 3,/$!"/&7B
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 ! !7 8)*$+& 9 :,/;#'+&

 !" ẏ = 2y

t
, t 6= 0.

#$%&'&($)

dy

y
* 2 dt

t

ln |y| * 2 ln |t|+ ln C

ln |y| * ln Ct2

+,$(-. /$0$-1) y(t) = Ct2  2324.5 %&'&,67 "

+489:&) ;&5 95<9$73 &,267=4-1 >6?-643@

 A" y′ = x
y
, y 6= 0; y(x) =?

#$%&'&($)

y dy * x dx
y2

2
*

x2

2
+ C

y2 − x2
* 2C

B& 4$-46 CD27$?$: 2$ ?1C85$ E&:6 -& <$=.>?>  6 ?C6= -$9-85D(>"F

E$E15G /$0$-15 E$ H=-:($ y = y(x). B$,6 >6C6/15$ 6 '6C-<(< :/<C:3 C '6C<-I

 >3%$',673" & E$E15 /$0$-15 E$ :/<C:&  >3%$',67&"J

K >7$?<2:& ?&-. ?<H$'$-(<87-1 '6C-<($ 2$ =C$?$-8 '6C-<($ -&9DC8  !"#$%

&$'"()*+J

 L" y′ = y

x
, x 6= 0; y(x) =?
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 !"#$#%!&

dy

y
'

dx
x

ln |y| ' 2 ln |x|+ ln C

y(x) ' Cx

()* ẏ = 3y, y(t0) = y0.

 !"#$#%!& dy

y
= 3 dt

ln |y| = 3t + ln C −→ ln |y| = ln e3t + ln C.

+,!%-. /!0!-1& y(t) = Ce3t; −→ y(t0) = Ce3t0 −→ C = y0e
−3t0 .

2!0!-1 "345 67389& y(t) = y0e
3(t−t0).

(:* ẏ = ty, y(t0) = y0.

 !"#$#%!& dy

y
= t dt

ln |y| =
t2

2
+ ln C.

+,!%-. /!0!-1& y(t) = Ce
t2

2 ; −→ y(t0) = Ce
t20
2 .

2!0!-1 "345 67389& y(t) = y0e
t2

2
−

t20
2 .

(;* (1 + et)yẏ = et ←→ ẏ = et

(1+et)
· 1

y
.

 !"#$#%!&

y dy =
et

1 + et
dt

y2

2
= ln(1 + et) + C . . . 3,!%-< =->!?$@7

+,!%-. /!0!-1&

y(t) =

{ √

2 ln(1 + et) + 2C,

−
√

2 ln(1 + et) + 2C.
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 !" #$%&' (%)*+

 !"!4 #56)78$9:;< (%)*$

 !"#$!"%&'!$() *$#+&(,& -./0123# "#3$45) 67$& 5 "845&9!$(2- -(#/0'5) M > 0
:M ;! -(#/0'5) ;!9&(,< *4 ;!9(#'1. +40.= 570'>3#5?5?(& 5 +40#52- #69#6) 〈0, t1〉
(4 ".0'@ #0'8#5 0 9#0'4'1!- "#'8457A B +40! t1 > 0 #90.( .0'4$
4 #9 '#3#'# #14-/&1. #6754'!$2 #0'8#54 *4+4$& 57-)84' 0'?C)- 0 1#(0'4('()-

1#!D,&!('!- E-8'(#0'& a < 0, a = −0.01.  4 "#+?'1. #0)9$#5?() /&$# ;&/ (4
#0'8#5> N0 *$#+&(,<A

F3,!-! .8+&' +40#5#. *?5&0$#0' N = N(t) -(#/0'5) #6754'!$ #0'8#54A
=5&5>'G H#".$4+() *?1#( 5!*-!-! 5! '548. :#90'A IAJAJA K=

dN(t)

dt
= f(t, N, M), t ≥ 0,

19!

f(t, N, M) =

{
M, t ∈ 〈0, t1〉, M ;! 1#(0'4('4L

aN(t), t ≥ t1.

H#+?'!+() 0'45 ;! .8+!( "#+?'!+() "#9-)(1#.

N(0) = N0.

M!'#94-& * "C!9,3#*),3 #90'45,< 57"#+'!-!

N(t) =

{
Mt + C1, t ∈ 〈0, t1〉; -!'#94 "C)-2 &('!N84,!O
C2 eat, t ≥ t1; -!'#94 0!"484,!A

P "#+?'!+() "#9-)(17 #698/)-! N0 = C1,

* "#9-)(17 0"#;&'#0'& Q.(1,! N(t) 5 6#9> t1

N(t1−) = N(t1+)

-?-!

Mt1 + C1 = C2e
at1 ,

';A

C2 = (Mt1 + C1)e
−at1 .

?@A%5B5;G

N(t) =

{
Mt + N0, t ∈ 〈0, t1〉,
(Mt1 + N0)e

a(t−t1), t ≥ t1.
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45$6  

!"#$ %&$

 !"! 7%)*$ 89:9;:<=>' ? $>9@A ;8+ B9 B:$%$ =5$C8$

' ()*+ t = 0 ",-. /)-+0+/. 12-. 0)3#)452/67. * 12-+*/.8 1+9-.1.8

T (0) = 15o
:$ ;,-. 9#.32<+/.= 4+ 3#)7 *+ 0)3#)452/>? /+?)/@98-.3)-$

' ?A*1/.*1@ 3#)45, ",-) B./*1)/1/A 1+9-.1) R = 5o
:$

C+ 1<+") 0D@*1@1= B5, *+ *1)-) 3#)45)$

D9&9>' E#.F+* .F7-)0.3G/A 12-+*) *+ <A5A 0GB./+? H.5*1$ I$J$J$ KL

dT (t)

dt
= −k(T (t)−R); t ≥ 0.

E.(G1+(/A 1+9-.1) D+ 5G/) 7.5/.1.8

T (0) = 15.

M+1.5.8 @/1+N#)(/A7. O)B1.#8 *1)/.3A?+ O8/BF@ F7-)5/81A

T (t) = 5 + 10 · e−kt.

P+1+B1@3 3Q)B /+0/G B.+RF@+/1 F7-)5/81A k > 0. S?A *@ 3Q)B 9.#)5@1 H0<+D?2

)"*.-3.3)- TMUL$ VD@*1@- *@= 4+ 0) % 7.5@/, D+ 1+9-.1) ?#13.-, T (2) = 8o
:$

',9.(1+ k 0 #.3/@F+

8 = 5 + 10 · e−k2 −→ k = −1

2
ln

3

10
.
= 0, 602.

W)B4+

T (t) = 5 + ·e−0,602t.
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 !"#$% &%' &(&# )!' t2, *+( ,(-! ./0-1.! T (t2) = 37o
2 34!56!7+8&9 &/$8-

:16/)*;<=

 615&>?/

37 = 5 + 10 · e−0,602t2

5(01)./$/

t2 = − 1

6, 02
ln

32

10
.
= −1, 932.

@6!7+! '/ '.!-! '> 0A/+ :1+>&1; ! BC $>&;.!$>=

 !"!" 4)*+5 6$789+ : ;6$:<9$=>'? @)%< 58A )B@)6C @6)D9E8B'

D!*/.! 1 01)%./)&# :$1.&1'.> M0 = m0 + m1 3*E< '.!6.;"/ 5 )!'/ t = 0 '

01)%./)&# 6(?:-1'.# v0 = 0 4 0156?:;  /$8 *1-$1 * 4/$'*F$; 0156?:;= G*!$7>.%
:$1.&1'. M(t) = m1 + m(t) "/ +%&! :$1.&1'.# 0!->5! m(t) ! :$1.&1'.# *1&H

'.6;*?/ m1. I$1.&1'. 0!->5! ;,95% ' )!'/$ 01+-/ 4%5>'-1'.>

m(t) = m0 − rt,

*+/ m0 "/ 01)%./)&# :$1.&1'. 0!->5! ! +!&% *1&'.!&.! r 3*EJ'< ;6);"/ K,(./*

0!->5! 4! "/+&1.*; )!';= L/H-> F *1&'.!&.&# .!7&% '#-! $1.16; 3061.> '$86;

*1&'.!&.&#:1 E6!5>.!)&#:1 01-/<M 01.1$ 01:(, 6!*/.( 01 0A#$F +6%4/ '/ A#+#

 !"#$!%&' ()*!+,'

d

dt

(
M(t)v(t)

)
= F −M(t)g.

N.!5151; 3&/4&%$1;< O;&*?# "/ 4+/ 6(?:-1'. v = v(t).

2:?/$/H-> '.!&15>. '.!5 36(?:-1'.< 6!*/.( 061 t > 0, $;'#$/ A/P>. 01)%./)&# K-1:;

d

dt

[
(m1 + m0 − rt)v

]
= F − (m1 + m0 − rt)g, t > 0,

v(0) = v0 (= 0).

Q65&# 01)%./)&# K-1:; A/P#$/ $/.1+1; 0A#$F >&./E6!?/=

@9'-/+/* 4%*-!+&# K-1:( 3$/.1+! 0A#$F >&./E6!?/<R

v(t) =
Ft

m1 + m0 − rt
− g

m1 + m0 − rt

[

(m1 + m0)t−
rt2

2

]

, t ≥ 0.

2:?/$/H-> '.!&15>. +6%:; 6!*/.( s = s(t) 354+%-/&1'. 1+ $#'.! '.!6.;< 5("+/$/

4/ AF7)>$ B6F*+

ds(t)

dt
= v(t), t > 0,



 !" #$%&' (%)*+ ,-.!  //01 0/

 !"#$%$&'()

s(0) = 0.

*!+, -!.$,/0)( )(,"%- !10)2 3/,(45$6(7

89/0 ):#()( ;"5)-."&$, 2$%&' (%)*+7

$< = >$'2) "'$)#3'- t1 %"?"10 !$.3&"@

A< = >$'2 &B%C.(/" ,3 s(t1) "% D()+ %"?"10 !$.3&"@ s(0) = 0.

6< E$' -5F3, !"?9A 5$'(,9 3 !" &9?"1(/0 !$.3&$@

%< G"5)-."&$, H."?- !"?9A- 5$'(,9 & !5")+//2) 45$&3,$F/0) !".3I >( ,.3#(

3/,(/B3,$ 45$&3,$F/0?" !".( 4 >( ;-/'60 &B%C.(/" ,3 "%  ,$5,-

g = g(s) =







g0 > 0 J'"/ ,$/,"-<, s ≤ s1,
g0

s2−s1
(s2 − s), s1 < s ≤ s2,

0, s > s2

$% $< = "'$)#3'- t1 > 0 A-%( m(t1) = 0, ,>7

m0 − rt1 = 0,

,>7 & F$ ( t1 = m0

r
!$.3&" &9?"107

$% A< E$' A9." B)0/+/"I 1(K0)( !"FC,(F/0 H."?-

ds

dt
= v(t),

s(0) = 0.

D%( v(t) >( %C/" &L .(%'() BC'.$%/0 H."?97

s(t) =

∫ t

0

v(τ) dτ.

M$'#( !$.3&" %"?"10 &( &B%C.(/" ,3

s(t1) =

∫ t1

0

v(τ) dτ.

$% 6< N" &9?"1(/0 !$.3&$ >( !"?9A 5$'(,9 !"! C/ !"FC,(F/0 H."?"-I ,>7 "% "'$)#3'-

t1  ( 5$'(,$  '"/ ,$/,/0 ?)",/" ,0 !"?9A->(  (,5&$F/" ,0 A(B ,$#/2  0.9O

d

dt
(m1 v(t)) = −m1 g, t ≥ t1,



 !" #$%&' (%)*+ ,-.!  //01 02

v(t1) = v1  !"#$%&'($ )' )*+,-.(/ 0,$1"23

4.&5.

v(t) = v1 − g(t− t1), t ≥ t1.

6 $+-789+5 t2 = t1 + v1

g
:' ;-+'&- )-:&-!/ (v(t2) = 0) - )-%(' #-.-& (- <'7

!$,(=7 #*.'73

-. .2 >,$15 ?$;75,5@'7' (- )*+,-.A )*+$(-

d

dt
(M(t)v(t)) = F −M(t)g(s), t ≥ 0,

+.' M(t), F @' :&'@(B @-+$ ! )*+,-.(/ 0,$)'3 C5(+D' g(s) @' 5!'.'(- !

)-.*(/3 E$ $+-789+5 t1  - .$ !).*,'($:&9 s(t1)2 :' ;-+'&- #$1"F5@' #$.,'

&!-;5 )*+$(- #$1"F5 5!'.'(B1$ ! 0!$.5 $.:&-!D'  &@3 : +$(:&-(&(/7 g23

G/,'7 0,$1" ) F$.5 .2 @' 5;%9& #$1"F ;-+'&"  &@3 v(t)H s(t)2 9 ! F')&/8(B7

:&-!53

3)45678$3 I!-8&' -,&';(-&9!(A :9&5-D'H ! (9D18 #-,9!$ !"1$J/ @'K&A ! L;-!9&-%(/7

#$,9 - (-$#-+ 9 :9&5-D9 ! (/8 #-,9!$ 1$J/ @'K&A ! F')&/8(B7 :&-!53 M;$@'!/ :' @'K&A

&-1 7$&$;5N

 !"!9 :%)*$ ;<%=>$ ?$@$A'B'*) ,?)*+CDA'B'*) >=1 E FG$EH;$I5'7 ?)%H

J=7< > )@?)G=7 ?G)>;K=@'

<-.*(/O PA,':$ $ +$(:&-(&(/ 17$&($:&9 m > 0 :' ! L;-!9&-%(/7 #$,9  L;-!9&-%(/

+$(:&-(&- g2 #$1"F5@' !' :7A;5 L;-!9&-%(/1$ #$,' ! -&7$:?BJ' : +$(:&-(&(/7

+$'QD9'(&'7 $.#$;5 #;$:&J'./ k > 0. R'S,9 v(t) ;"D1,$:& #$1"F5 ! $+-789+5 t,

#-+ kv(t) @' :/,- $.#$;5 !).5D15  !' :7A;5 #;$&9 L;-!9&-%(/ :/,'23

PA,':$ )-%-,$ #-.-& : ;"D1,$:&/ v0.

-2 G1D'7' :&-($!9& $+-789&$5 ;"D1,$:& v = v(t) #-.-@/D/1$ &A,':-H ;"D1,$:&

.$#-.5 - .$F5 .$#-.5H )(*7'S,9 !=K+5 h0 = h(t0).

F2 G1D'7' :&-($!9& !=K+5 h1 = h(t̄), )' +&';B @' &J'F- :+$%9&H -F" ;"D1,$:&

.$#-.5 F",- v1.

D2 G1D'7' !"K'&J9& )*!9:,$:& v = ϕ(k) - 5;%9& lim
k→0

ϕ(k).

-. -2 T5:/7' &'." ('@.J/!' J'K9& 0,$15

m
dv

dt
= mg − kv, t ≥ t0,

v(t0) = v0.
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 !"#$% &'"!()%*'+,# -%."#)/ 0)# )#1'&2&

dv

dt
+

kv

m
= g : (v̇ +

k

m
v = g).

3)*+4! -/'.2& w = w(t), %56 w · v̇ + k
m

w · v = gw, v̇ = dv
dt

;

ẇ =
k

m
w → w(t) = e

k
m

t.

7%.8! 9!:+4! /0)%1!'#/ )#1'&2&

d

dt
(e

k
m

tv) = g · e k
m

t.

;9+4#/ &'"!()%2+ % $#<%=!'+4 0#*>"!*'+ 0#$4+'.6 $#<"%'!4!

v(t) =
m

k
g + (v0 −

m

k
g)e−

k
m

(t−t0).

?)>,/ s = s(t) /)*+4! 0#$@! =>.#'% $)>,6

ds(t)

dt
= v(t), t ≥ t0,

s(t0) = h.

;9+4#/ &'"!()%2+ $#<"%'!4!

s(t) = h0 +

∫ t

t0

[m

k
g +

(

v0 −
m

k
g
)

e−
k
m

(τ−t0)
]

dτ =

= h0 +
[

1− e−
k
m

(t−t0)
] [

m

k
v0 −

m2

k2
g

]

.

?#5/ $#0%$/ t1 /)*+4! = 0#$4+'.6

s(t1) = 0.

A!:+4! "!$6 '!@&'!>)'+ %@(!5)%&2.#/ )#1'&2& 0)# '!='>4#/ t1B

#)23$4565

h0 +
[

1− e−
k
m

(t1−t0)
] [

m

k
v0 −

m2

k2
g

]

= 0.

C60#*"!4!

t1 = . . . .



 !" #$%&' (%)*+ ,-.!  //01 0"

 ! "# $% &'()*+ , - t̄, ( &.*/ 0+ -12&.& 1'!*)&3 

v(t̄) = v1 45 ! &6 789:2'-% !'1 !;#.

<+=+&)* >2':8

ds(t)

dt
= v(t), t ≥ t0,

s(t0) = h + ∆s,

!'-% &+*+

s(t) = h + ∆s +
[

1− e−
k
m

(t−t0)
] [

m

k
v0 −

m2

k2
g

]

.

? 7'(&@9+

s(t2) = 0 417' &+5&6*'; ∆s ),

;7,)*+ :2+! &'; (A=3;B

 ! 9# C2+! &6 56(@-2'-%

v = ϕ(k) =
m

k
g +

(

v0 −
m

k
g
)

e−
k
m

(t−t0);

0+ %' 56(@-2'-% %81;

ϕ(z) = (1− e−z)
1

z
+ e−z.

$% &'()*+

lim
k→0

v = v0 + g(t− t0).

D89:2'-% 1 ! 0)9):' %.2+- "+5 '!1'7; 17'-%E+!)B

 !"!2 3%)*$ 45657689:' ; <)45=>5%? @A% $%8B8 C7):6D)%$ @)45%EFG

F (6/+*+ & >2':; 5 '!-%BGBHBGB <+=@2@ 0-*+ 1',6%+,&) >2':;

dT (t)

dt
= −k(T (t)−R), T (0) = 15; t ≥ 0

 17' R = 5, k = 0, 602 0-*+ !'-% 2@ I;&39@

T (t) = 5 + 10 · e−0,602t,

3%+76 1'1@-;0+ , -'(A 17J".: %+12'%8 9:2 !&';9):' %.2+- 4(@5 '"7B GK#B L+%+3%@(

( >2'5+ 5 %.9:%' >! 0J ;-';!@2M /+ %.2+-' 45 (7 /!.&A# *.2' %+12'%; 37o
N 5:7;" 

1E+! G :'!@& *@ '! '3 */@3; & 2+5+&) (t = 0).

F -% 2 (= 3 3'*12@3 9+ (+ (8=+%E'(6&)B O82 ;7,+& 0+!@&A 1'!+5E+2AM & ;7,+&';

!'"; (7 /!8 (= 3 *.2 &+'%E+-@%+2&P  2@"@B O82' &;%&P 17'(.E@% -176(&'-% !'"8

(7 /!8B L+%+3%@( 17'%' *;-+2 =<>5H:86 @)45%M %0B 51E+-&@% 1E+!1'32 !8B



 !" #$%&' (%)*+ ,-.!  //01 02

 !"# $%#

&' ()*")!+,-./ &+&012)3 +&4"&*50 678*6)90&* 9)+:;&+;+):;5 )9)0+/ ;860);<

R = 5 678*6)90&*8=> ?8 ;860);& R : @&:8= 908:&0& 6)*08 A3+9B8

R(t) = 5e−0.05t.

!' C860);+/ 9)8DB58+; k > 0 -8 ;78!& ;&9E 2678:+5; 6)*08 +)FE4) =)*803#

G8./=8 +<+/ 6)@H;8@+/ I0)43

dT (t)

dt
= −k(T (t)− 5e−0.05t), T (0) = 15, t ≥ 0.

J8;)*)3 5+;8K"&@+/4) A&9;)"3 F<6)@;8=8

T (t) =
1

k − 0, 05

[
5ke−0,05t + (10k − 0, 75)e−kt

]
.

L 6)?&*&F93 T (2) = 8 :8 F<6)@;8 M78./ :8 +805+8H"+/ ")F+5B8 6") +82+H=)3 9
+,9;8")3 +3=8"5B9)3 =8;)*)3'

k ≈ 0, 44.

N5+H0+/ 6)*)!& 408*&+E A3+9B8 -8

T (t) =
1

0, 39

[
2, 2e−0,05t + 3, 65e−0,44t

]
.

O8-/ K"&A -8 M@8"F8+,' 3F8*8+ M)2+&@8+' )6,; +& )!"# $%#
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 !"!0 3%)*$ *)45$67+ 8 9:$8;<$6='> 5)%;

 ! "#$%&' ()$*+, -.%+/!%/%0 1&2-3 l 4# "56"#$%*%. /*2#+. -.%+/!%/%0 7'./%.+/6

m. 89+.:0 %! %*4 ".,(# +02! ;<!$6/!=%07. ".2# >#'*? @1".< "<.+/5#10 %#"5#1".-2)A

1)'#? B'./%.+/ ()$*+, :#<#'# %,2.$.,?

C&2-.$., $DE732-, F1&2-, ."6+.$!%&7. .:2.,-, -<,G%6E#H .(%!=0'# s = s(t),
<3E72.+/ ".73:, /*2#+! 1#I%,4#'# $(/!7#' F()-.% <3E72.+/6H

v = v(t) =
ds(t)

dt
, t ≥ t0.

>! ,$#1#%DE7 "5#1".-2!19 ,+.,10'#J G# :,1# ".+/!=,40E0 ,$!G.$!/ ?+@;7A%='

>)BC% 7.,"!=-3J ! /. /($?  !"# !"$%&' &()!*+,?

8.73: 7.,"!=-3 +# 5010 ."*/  #K/.%.$D' ()-.%#' F$6( .1+/? L?M?NH

m
dv(t)

dt
= F (t), t ≥ t0,

-1# F (t) = −mg sin α(t); α(t) 4# O72.$) $DE732-! ()$*+, .1 -261.$& F+$6+2&H
".2.73?

P.<',2,4#'# ()-2!1%0 -,./"#.01 2+,34 Q R7E#'# +/!%.$6/ S,%-E# s = s(t),
v = v(t), t ≥ t0 +"2T,40E0 <#2#$!%/%0 ".73:.$D ()-.% ! ()-.% <3E72.+/6J -13G 4#

1)% ".=)/#=%0 +/!$ ".1'0%-!'6

v(t0) = v0, s(t0) = s0, α(t0) = α0.

U)'# /#13 /3/. ".1'0%-3

m
dv(t)

dt
= −mg sin α(t), α(t) =

s(t)

l
, t ∈ (t0, +∞),

ds(t)

dt
= v(t),

v(t0) = v0, s(t0) = s0.

V 1!2W0' $.20'# v0 = 0 F%,2.$) ".=)/#=%0 <3E72.+/H? V ".=)/#=%0 O2.(# ')'#

+.,+/!$, 1$., 16S#<#%E6)2%0E7 <.$%6E "<. %#(%)'& S,%-E# s = s(t), v = v(t) !
"50+2,W%& ".=)/#=%0 ".1'0%-3 ,<=,40E0 5)6A<C6=' D<$8 +3+/&',?

X#.<#/6E-& $D+2#1-3 F$6(?%!"5? YUZ[@C\H ."<!$T,40 -# -.%+/!/.$)%0J G#

1!%) O2.7! ') 4#16%& 5#W#%0 F-.<#-/%0 O2.7!]H ! S,%-E# s = s(t) 4# +.,=!+%*
5#W#%0' ".=)/#=%0 O2.73 "<. <.$%6E6 L? 5)1,

d2s

dt2
= −g sin

s

l
, t ∈ (t0, +∞)

+ ".=)/#=%0'6 ".1'0%-!'6

s(t0) = s0,
ds(t0)

dt
= v0 = 0.
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 !"#$#%&!'(%) $*+%!&# %#%) (!%#'$%), -./&0*1 2# 345%*+#%) 6#7#%) 1*0(! 89)4

#(#1#%4'$%) 1#4*:/; +/89!<#1# +4!=%>0* *.$548 ?5(*9#%>0* %5 !%+#$?%) "8%2&!

5 :#$!+5&! 3(*9#%> "8%2&#@

v = v(t); s = s(t) → t = t(s) ⇒ v = v(t(s)) = v(s);

dv

ds
=

dv

dt

dt

ds
⇒ dv

dt
= v

dv

ds
;

d

dt

(
ds

dt

)

=
d2s

dt2
= v

dv

ds
.

A'1# 4#:/ %#(!%#'$%) $*+%!&! BC,6':8D =$* %#?%'1*8 "8%2&! v = v(s)

BED v
dv

ds
= −g sin

s

l
,

5 =*F'4#F%) B2*%&*+*8D =*:1)%28

v0 = v(t0) = v(t(s0)) = v(s0) = 0.

G%4#H$8<#1# BED =6#3 !%4#$+5( 〈s0, s〉 =*:(# s, 4<, =6#3 !%4#$+5( 〈v0, v〉 =*:(# v,

4<,

v∫

v0

w dw = −g

s∫

s0

sin
σ

l
dσ.

I529#

v2

2
= gl[cos

s

l
− cos

s0

l
] = 2gl sin

s + s0

2l
sin

s0 − s

2l
,

$#3=,

v(s) = 2
√

gl

√

sin
s + s0

2l
sin

s0 − s

2l
=

ds

dt
.

J*+%*34

2
√

gl dt =
ds

√

sin s+s0

2l
sin s0−s

2l

, s(t0) = s0,

!%4#H$8<#1# =6#3 !%4#$+5( 〈t0, t〉, $#3=, 〈s0, s〉 :

2
√

gl(t− t0) =

s∫

s0

dσ
√

sin σ+s0

2l
sin s0−σ

2l

= Ψ(s).

G%4#H$'( Ψ(s) %#(?# 345%*+!4 =*1*&) #(#1#%4'$%)&0 "8%2&), K8%2&# s = s(t) <#
4*84* $*+%*34)

Ψ(s) = 2
√

gl(t− t0)

:'%5 !1=(!&!4%L; 4<,

s(t) = Ψ−1(2
√

l(t− t0)).
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 !"#$ % &'()*+,-# #.&/)0) 12+!3&014& sin z ≈ z 5-&')1+&614)78 2!(!0 6 +!%'!9(&

2
√

gl(t− t0) =

s∫

s0

dσ
√

σ+s0

2l
s0−σ

2l

= 2l

s∫

s0

dσ
√

s2
0 − σ2

$!9(1')0) √
g

l
(t− t0) = − arccos

s

s0

,

'):!-&

s(t) = s0 cos

√
g

l
(t− t0) =, v(t) = −

√
g

l
s0 sin

√
g

l
(t− t0).

;<4=>-"1 /) ()$> 2)+&!$&4"!# ?#'"4@ A19# 9 2)+&!$!#

T = 2π

√

l

g
.

34567B C:)4'D 6,%&9-!9( %<4=>-"> s(t) =!#21A"> '1 A19) 898' 2)+&!$&4"!# ?#'"4@
A19#E

F,-) /90) 6@9"1-& 2!6'1()"8 .) %<9-)$)" 6@9"1'< 12+!3&014@ sin z ≈ z /) G)H)'@

-&')1+&6!%1'I=! 0!$)-# 2!=>:!%I=! 6,"!'1 %) (%1+#

m
dv(t)

dt
= −mgα(t) = −mg

s(t)

l
.


